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A  SKETCH  OF  AN  ANALYSIS,  #c. 
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Read  before  the  ROYAL  SOCIETY,  June  29,  1820. 

The  estimation  of  the  value  of  property,  connected  with 
life  contingencies,  has  for  many  years  occupied  the  attention 
of  the  philosophers,  as  well  as  the  monied  and  landed  interest 

of  this  country.  The  many  institutions  now  existing  in  Eng- 

h  y  \ 

land,  for  the  purpose  of  granting  annuities  and  assurances  an 
lives,  are  a  sufficient  evidence  that  they  are  conceived  to  yield 
advantages  to  the  community  : — advantages  which  seem  to 
present  themselves  in  two  points  of  view  ;  the  one,  the  gain 
accruing  to  the  parties  granting  the  assurance  or  other  ob¬ 
ject  ;  the  other,  the  benefit  to  be  received  by  persons  pur¬ 
chasing  those  grants.  In  a  political  point  of  view,  it  appears 
a  question  of  great  importance  to  decide,  what  ought  to  be 
the  demands  of  those  companies,  so  that  the  public  may  reap 
the  greatest  benefit  from  them  ?  And  the  only  means  of 
answering  this  question,  is  the  possession  of  the  mathemati¬ 
cal  and  philosophical  principles,  by  which  those  institutions 
ought  to  be  guided.  In  the  present  improved  state  of  the 
science  of  life  assurances,  it  is  not  sufficient  for  a  proper  re¬ 
gulation  to  follow  old  customs,  and  calculations,  drawn  from 
a  less  perfect  experience  than  we  have  now  the  means  of 
obtaining  ;  but  every  company,  to  reap  the  advantage  of  the 
progressive  state  of  the  science,  should  not  only  possess 
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Mr.  Gompertz’s  analysis  applicable  to  the 

every  knowledge  relative  to  this  science,  which  it  may  be 
within  its  immediate  power  to  acquire,  but  it  should  promul¬ 
gate  its  individual  information  ;  that  the  actuaries  of  the 
different  societies  may,  by  their  mathematical  skill,  collect 
for  the  common  good  of  all,  from  multiplied  resources,  that 
which  they  cannot  obtain  from  a  less  general  observation.  I 
am  induced  to  venture  this  hint,  as  it  is  my  firm  belief,  that 
the  tables  generally  adopted,  might,  by  this  means,  receive 
many  extremely  necessary  corrections ;  for  those  tables 
should  be  as  accurate  as  they  can  possibly  be  made,  and  the 
interest  should  be  calculated  at  that  rate  which  shall  appear 
to  be  the  average  interest  to  be  made  for  money  ;  but  such 
additional  demands  should  be  made  by  the  company  or  insti¬ 
tution,  as  to  leave  an  adequate  portion  for  its  security,  profit, 

and  expenses  ;  for  it  does  not  seem  possible,  in  the  various 

\  . 

beneficial  applications  which  can  be  made  from  a  proper 
knowledge  of  this  branch  of  the  mathematics,  to  judge  uni¬ 
versally  how  to  adopt  tables  of  mortality,  which  are  not 
correct  in  themselves,  connected  with  a  rate  of  interest  which 
is  not  the  average  rate  made  in  reality,  so  that  the  advantage 
may  tend  to  any  one  direction.  In  granting  assurances  on 
lives,  it  is  a  practice  to  use  a  certain  table  of  mortality,  and 
to  calculate  at  a  certain  rate  of  interest,  without  making  any 
additional  charge ;  in  the  presumption,  that  the  tables  are  in 
themselves  incorrect,  but  that  their  deviation  from  the  truth, 
is  in  favour  of  the  society ;  and  that  the  interest  of  money  is 
less  than  that  which  they  can  really  make  :  but  such  a  plan 
does  not  appear  to  me  sufficiently  scientific,  to  be  followed  by 
companies  concerned  with  life  contingencies  generally.  It  is 
not  my  intention  in  the  paper  I  have  at  present  the  honour 
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estimation  of  the  value  of  life  contingencies. 

to  present  to  this  profoundly  learned  Society,  to  offer  my 
opinion  on  the  rates  of  mortality  ;  but  my  object  is  to  propose 
a  plan  qf  analysis  and  notation,  which  I  conceive  may  be 
applied  with  utility  to  most  problems  likely  to  occur,  and 
capable  of  suggesting  a  variety  of  new  speculations  in  the 
pursuit  of  this  science.  Many  accurate  and  ingenious  men 
have  occupied  their  hours  in  the  improvement  of  this  subject. 
Messrs.  Morgan,  Baily,  and  Milne,  of  the  present  age,  are 
among  the  number  of  mathematicians  to  whom  this  depart¬ 
ment  is  greatly  indebted  ;  the  works  of  the  former  two  gen¬ 
tlemen  have  been  long  before  the  public  ;  that  of  Mr.  Milne, 
was  not  earlier  than  about  the  commencement  of  this  year  in 
my  possession  ;  but  I  felt  much  gratified  with  the  able  man¬ 
ner  in  which  he  has  treated  his  different  subjects ;  and  par¬ 
ticularly  pleased  with  his  notation,  in  his  sixth  chapter, 
referring  to  the  different  orders  of  survivorship. 

I  feel  thankful  for  the  information  I  have  received  from  the 
labours  of  those  who  have  preceded  me  ;  and  I  hope  that  this 
sketch  may  be  received  as  a  wish  to  aid  science,  but  not  as 
a  medium  to  censure  those  whose  steps  may  sometimes  have 
faltered  in  the  paths  to  knowledge.  To  a  true  philoso¬ 
pher,  it  will  ever  be  much  more  pleasing  to  grant  even  more 
praise  than  is  actually  due,  than  to  pluck  the  laurel  from  the 
deserving  brow.  This  is  an  observation  which  might  fre¬ 
quently  be  addressed  to  authors,  but  I  profess  no  particular 
point  of  application  in  my  remark. 

Benjamin  Gompertz. 

i^tb  June,  1820. 


6 


Mr.  Gompertz’s  analysis  applicable  to  the 


Section  I.  Art.  I.  A  function,  that  is  an  expression  made 
up  of  certain  quantities,  has  been  often  very  usefully  ex¬ 
pressed  by  some  letter  with  those  quantities  written  under¬ 
neath,  of  which  that  function  or  expression  is  made  up.  And 
frequently  those  quantities  only  are  placed  under,  which  it 
may  be  the  particular  object  to  bring  into  notice ;  thus,  if  in 
an  analysis  we  had  the  frequent  occurrence  of  some  particular 

expression,  V a 2  +  x2  -f-  Vx  -f  y,  for  instance,  it  might  be  con¬ 
venient  to  put  some  letter  to  represent  it ;  and  if  we  had 
two  or  more  expressions  of  the  same  form  made  up  of  diffe¬ 
rent  letters,  such  for  instance  as  ^  a2  +  x2  -f-  Vx  +jy,  and 

Vae-j-z2  %  +  w9  it  may  be  more  convenient  to  express, 
them  by  some  generic  character,  which  shall  still  involve  the 
peculiarity  of  each  ;  thus,  by  writing  for  the  one  Mf  *  and  for 
the  other  M  ,  and  this  or  a  similar  mode  of  notation ;  be- 

comes  more  necessary  when  we  are  ignorant  of  the  form  of 
the  expressions  to  which  our  analysis  is  to  be  applied. 

Art.  2.  If  for  x  in  the  expression  signifying  some  func¬ 
tion  of  x,  we  write  separately  x  =  n,  x  =  n  -\-p9  x  =zn  -f-  2 p, 
x  =  n  +a p>  &c.  x  increasing  by  the  continual  addition  of  p  ; 
then  the  sum  of  the  terms  commencing  with  x-=n  and  finish¬ 
ing  with  x  =  m.  is  M  4-  M  ,  .  -4-  M  .  A  &c.  ...M  ;  and  to 

o  J  n  1  n-\-p  1  n  +  2p  m 

x 


express  this  operation  on  x,  I  use  the  symbol 


prefixed 


to  the  function  of  x  ;  that  is,  I  should  write  {  M  for  this 

X 

m 

sum.  This  is  the  same  as  what  is  called  the  finite  integral  of 
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M  ,  , ;  from  x  =  ?i  to  x=zm;  that  is,  the  first  value  of  the 

X+p 

increment  M  .  .  of  the  series  being  M  ,  . ,  and  the  last  M  ,  . 

or  which  is  the  same  thing,  the  first  term  of  the  series  being 
M  and  the  last  term  of  the  series  M  .  And  thus  would 

n  m 


x 

T 

n 

m 


M,+*  express  MB+,+  M„+I+/1  +  M„+l+2/) 


M 


m  +  *J 


P 

and  also  would  „+e 

m  +  t 


Mw+6+Mw+8+/)+Mw+£+^.’v 


Mm+£  as  is  evident  by  writing  n- j-e  and  m+e  respectively  in 
the  room  of  n  and  m  in  the  first  of  the  series  mentioned  ;  con¬ 


sequently,  „ 


m 


M 


P 

E+X  »  +  « 

m+t 


M  ;  they  both  befhg  expressive 


of  the  sum  of  the  same  series.  Moreover,  because  when  x 
becomes  n ,  .r.+s  becomes  n+t,  and  when  x  becomes  m,  x-\-z 

x  +  t 

when 

m 


x 

J 


becomes  m  -f-  e ;  therefore  the  symbols  „ 


and  pn+e 


m+t 


prefixed  to  the  same  function  mean  the  same  thing,  that  is 

X  AT  +  e 


P 

n 

m 


Ma.=2=  n+t  M  . 

m  +  t  x 

I 

x 

P 

Also  because  « 

m 


M 


P+X 's  the  symbol  for  M„+/,  +  M„+2/, 


+  &C. 


x 

~P 

Mm  +  6>  and  * 
m 


M 


X  is  the  symbol  for  M„  +  Un+p 


X 


+  n  +  2 p+  &c* 


Mm,  therefore  « 

m 


M  =M  —  + 

x  n  m+p  1 
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X 

7 

n 

m 


P 

M.  ,  ,  and  also  =  M  4-  n 
P+x  n  1  m—p 

This  last  is  also  evident  from  above. 

Art.  3.  It  may  be  proper  to  state  that  the  symbol  is  not 
necessarily  written  with  the  letters  x,p,  n ,  m ;  but  that  with 
other  letters  it  will,  mutatis  mutandis ,  have  a  similar  meaning: 
the  first  or  highest  letter  within  the  symbol  expressing  the 
constant  increment  of  the  variable  quantity  above  the  symbol ; 
the  second,  the  value  of  that  variable  quantity  at  the  com¬ 
mencement  ;  and  the  last  or  lowest  letter  the  value  thereof  at 
the  end.  If  this  letter  be  infinite,  we  omit  its  notation  and 

X 

r  _ 

write  the  symbol  thus  «  .  If  />,  or  the  first  letter  within  be 
infinitely  small,  or  0  comparatively  with  Unites,  then  the 

X 

0 

symbol  will  stand  »  and  will  express  the  integral  of  a  differ- 

m 

ential  expression  of  x  between  the  limits  n  and  m  of  x,  and 
will  be  the  same  as  the  fluent  of  a  fluxional  expression 
between  the  same  limits,  mutatis  mutandis . 

Art.  4.  L  ,  Lb ,  L  ,  &c.  are  put  to  denote  the  number  of 
persons  living  at  the  ages  a,  b,  c,  See.  in  a  given  table  of  mor- 
taiity,  and  L  is  put  for  an  abbreviation  of  L  x  L,  x  L 

dy  Uy  Cy  <XC.  CL  D  C  y 


p 

n  r  n — p 

+  ~  or  —  m—p 


M 


p+x. 


is  put  for  an  abbreviation  of  L  ,  x  Lt  . 

r  a+x,  b+x 


&c.  also  L 

x :  a,  b,  c,  & c. 

xL  ;  L.  ,  4  ,,  '  e  for  an  abbreviation  of  L  ,  „xL,  , 

c+x  (x :  a,  b,  c,  &c.)  d,  e,f,  &c.  a  +  x  b  +  x 

xL  &c.  x  L  x  L  x  L.&c. 

c+x  d  e  j 

Hence  the  chances  of  nominated  persons  of  the  ages  a ,  b ,  c, 

L  ,  L,  , 
a+x  b+y 


&c.  living  respectively,  the  times  x,y,  z,8>c c.  are 
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— j- —  &c.  considered  independently  of  each  other ;  and  the  chance 

c 

that  the  event  shall  take  place  conjointly,  that  is,  that  every  one 

L  L .  L 

of  all  the  events  shall  take  place  is  — j*  x  x  —  -  x  ■  ^  --  & c. 

or  a+?  b*y’  c+g>.&c‘ «  and  jf  yfz,  &c.  are  each  equal  to  a:,  the  ex- 
V  6,  c,  &c. 

•  •  ^  ‘  JC  *  ol  be  &c 

pression  may  be  further  abbreviated  thus,  — L  3  Note, 

a,  b,  c,  Sec. 

that  one  year  is  considered  the  unite  of  time. 

And  if  r  be  the  present  worth  of  one  pound  due  in  one 

,  Lxa  h  c  Sec 

year  certain, r  *c  'will  be  the  present  worth  of  one 

a ,  b,  c,  Sec. 

pound  to  be  received  in  the  time  a:  in  case  nominated  persons 
of  the  ages  a ,  h,  c,  d ,  &c.  should  be  all  living  at  that  time. 


Corollary.  Hence, n 


x  ;  A;  bt  c,  See.  *iii  ,  ,  i 

- - wjII  denote  the  pre- 

Jtkia,  b,  c,.Scc. 

sent  value  of  a  periodic  income  of  one  pound,  payable  at  equal 
intervals/)  of  time,  the  first  payment  being  to  be  made  in  the 
time  w,  and  the  last  in  the  time  m,  on  the  contingency  of  the 
persons  whose  present  ages  are  a ,  b,  c,  &c.  being  jointly  liv¬ 
ing  at  those  intervals ;  -interest  being  reckoned  at  the  rate 
per  ’cent,  which  makes  the  present  value  of  one  pound  certain 
due  in  one  year  equal  to  r;  and  if  there  be  no  danger  of 

mistaking  the  variable  radical,  we  omit  it  in  the  prefixed 

. 

X  1  Cl  y  bf  Cy  See. 


r 


symbol,  and  would  write  the  last  expression  « 

m  b,  c,  Sec. 

and  this  we  would  write  still  shorter  when  a  more  developed 


P 


expression  is  not  necessary,  thus  « 

) 

C 


m 


a ,  6,  c ,  &c.  to  signify  as 


io 
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before.  The  present  value  of  a  periodic  income  of  one  pound 
payable  on  the  joint  lives  of  persons  of  the  present  ages  a,  b , 
c,  See.  at  equally  distant  intervals/),  the  first  payment  being 
due  in  the  time  n,  and  the  last  in  the  time  m,  the  present  value 
of  one  pound  certain  due  in  one  year  being  r. 

If  there  be  not  any  character  in  the  place  of  the  r,  in  the 
last  symbolic  form,  the  interest  is  supposed  to  be  the  same  as 
in  some  previous  consideration,  which  shall  be  evident  from 
the  text ;  thus,  if  we  had  been  conversing  of  an  interest  of 

5  per  cent,  per  annum,  we  should  write  1  a,  b,  c,  to  express 


the  present  value  of  an  annuity  of  one  pound  (that  is  one 
pound  payable  yearly)  on  the  joint  lives  of  the  present  ages 
a,  b,  &c.  the  first  payment  to  be  made  in  one  year,  because 
in  this  case/>  =  i,  n=  1,  and  m  is  infinite,  or  extends  to  the 
longest  possible  duration  of  life. 

Art.  5.  .If  the  income  is  on  the  present  ages  a ,  b,  c,  &c.  be¬ 
tween  the  terms  &c.s  on  the  contingency  of  v  or  more  of  them 
being  living,  we  write  as  a  symbol  of  its  present  value 


P 

n 

m 


^  b,  c,  &c.,  and  according  to  this  notation  we  should  have  in 


the  following  particular  cases  for  the  present  value  of  the  in- 


P 

come  n 

m 


a>  b>  c>  the  same  as  n 

3  m 


a,  b,  c  ;  £ 


a>  b>  c  .when  the  income 


for  the  term  depends  on  two  or  more  of  the  three  persons 


fiiif,  when  it 


whose  present  ages  are  a,  b,  c,  being  living ;  « 

m 

depends  on  one  or  more  of  the  three  being  living;  that  is. 


what  is  termed  on  the  longest  of  the  lives ;  and  n 


a,  b,  c 


in 
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'when  it  depends  on  none,  or  any  of  them  being  living,  and 
is  therefore  the  income  certain  and  quite  independent  of 
the  ages  a ,  6,  c,  and  therefore  this  case  may  be  written  with¬ 


out  those  letters,  thus  « 

m 


— ,  and  will  be  expressive  of  the  pre¬ 
sent  value  of  an  income  certain  for  the  term,  &c. ;  o  inserted  in 
the  angle  signifying  that  it  does  not  involve  any  contingency ; 
and  this  presents  us  with  a  ready  notation  for  the  purpose  of 
expressing  an  income  for  a  term,  a  rate  of  interest,  and  a 
periodic  interval  of  payment  given  on  any  nominated  contin¬ 
gency  specified  by  any  particular  character,  by  placing  that 
character  in  the  angular  point;  thus  if  the  contingency  in¬ 
volved  were  designated  by  the  character  C,  then  the  income 
for  the  term,  rate  of  interest,  &c.  depending  on  that  contin- 


gency,  we  should  denote  by  « 

m 


p 

Art.  6.  Moreover,  as  « 

m 


expresses  the  value  of  the  in- 


P 

come  certain  for  the  term,  and  * 

m 


a ’  b> Ci  &c>  expresses  the  value 


of  the  income  for  the  term  on  the  contingency  of  v  or  more 
of  the  persons  of  the  present  ages  a ,  b ,  c,  & c.  being  living  ;  the 
excess  of  the  former  above  the  latter,  will  express  the  value 
of  the  income  for  the  term  on  the  contingency  of  jju—  v  +  l,  or 
more  of  the  persons  being  dead ;  if  p,  be  the  number  of  persons 
in  all :  “  because  it  is  certain  that  out  of  p  persons  living  at  any 
“  time,  there  will  after  that  time  either  be  v  or  more  of  them 
“living,  or  v  —  i  or  less  of  them  living  including  o ;  but  v — l 
6<  or  less  of  them  being  living,  is  the  same  as  p — y-f- 1  or  more 
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“  of  them  dead;  therefore  the  chance  of  v  of  them  being  l'iv- 
“  »ig  +  the  chance  of  |x — v-{-i  of  them  being  dead,  is  equal 
“  to  unity,  that  is  certainty/’  and  the  said  excess  will  be  writ- 


P 

ten  n 
m 


P 

n 

m 


a ’  b>  ,  and  is  expressive  of  the  chance  of  tt 


or  more  being  dead,  v  being  equal  to  p,  —  v  +  1 ;  or  ju,,  that  is, 
the  number  of  persons  in  all  being  =n+v — 1  ;  and  as  the  sign 


r 

Nw 

P 

n 

m 


of  summation  and  the  interest  indicated  by  r,  the  present  va¬ 
lue  of  one  pound  certain  to  be  received  at  the  years  end,  affect 
both  contingencies  alike,  we  may  join  those  contingencies  and 

— ,  a,  b,  c.  See.  £qj*  the 


o,  , 


Vw' 

P 

’  a’  c,  n 

— ,  a,  b,  c ,  and  £ 

—  y  by  c  ]fG 

°>  3  m 

o,  2  m 

o,  I 

p 

use  but  one  symbol,  and  we  shall  have  « 

m  % 

value  of  the  income  for  the  term  on  the  contingency,  that  out 
of  7r  +  v  —  l  persons,  there  shall,  be  7r  or  more  of  them  dead. 

r 

Accordingly  would  » 

spectively  signify  the  value  of  the  income  for  the  term  on  the 
contingency  of  one  or  more  being  dead,  of  two  or  three  be¬ 
ing  dead,  or  of  all  being  dead.  And  these  besides  being  an 
appropriate  abbreviation  of  the  expressions,  likewise  indicate, 
that  if  from  the  value  of  the  income  certain  for  the  term  we 
subtract  separately  the  value  for  the  income  for  the  term  on 
the  contingency  of  all  three  being  living,  on  the  contingency 
of  two  or  more  being  living,  and  on  the  contingency  of  one 
or  more  being  living,  of  three  persons,  we  shall  have  respec¬ 
tively  the  value  of  the  income  for  the  term  on  the  contingency 
of  one  or  more  being  dead,  two  or  more  being  dead,  or  of  all 
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r 

p 


being  dead  of  three  persons.  Again  « 

m 


cif  b,  c,  See.  1  ^ 

p — g  m 


*3 


a,  b,  c,  Sec . 


or,  abbreviated,  * 


m 


a,  by  c,  &c.—tat  b,  c,  See.  would  express  the  va¬ 


lue  for  the  term  of  the  income  on  the  contingency  of  there 
not  being  more  living  than  v  —  1,  and  not  less  living  than 


—  0  ;  and  taking  o  ==  1,  we  have  *«  a>  b>  c> &c-— 1 g>  b>  c>  &C-T  the  va- 

s  m  p — 1  p 

lue  on  the  contingency  of  there  being  precisely  v — 1  of  them 
living;  and  if  there  are  p  lives  in  all,  the  same  symbol  will 
also  express  the  value  on  the  contingency  of  there  being  pre¬ 
cisely  p  —  1/  -j-  1  dead. 

Art.  7.  If  the  income  for  the  term  depended  on  v,  or  more 
nominated  persons  of  the  present  age  a,b,c ,  &c.  being  living, 
on  v*  or  more  of  the  present  ages  a1,  b\  c\  &c.  on  v"  or  more 
of  the  persons  of  the  present  ages  a!\  b'\  c",  &c.  being  living, 
we  should  express  its  present  value,  thus 


r 

7 

n 

m 


a,  b,  c,  See.  :  a',  b',c',  8cc.  .a ",  b",  c ",  See. 


p".  See. 


If  the  income  for  the  term  depended  on  some  contingency 
designated  by  C,  provided  there  were  v  or  more  living  of 
the  persons  of  the  present  ages  a ,  b,  c ,  &c.  we  should  de- 


:  a,  b,  c,  &c.  ^ncj  therefore,  if  there  were 


signate  it  thus  p 

m 

[x  persons  of  the  ages  a,  b ,  c ,  &c.  in  conformity  with  our  plan, 


r,  p 


7 


—  :  a,b,  c.  See. ,  tjie  present  value  of  the 


we  should  denote  by  « 

m 

intome  on  the  contingency  C,  proved  p  —  v  -j-  1,  or  more  of 
the  persons  of  the  present  ages,  a ,  6,  c ,  &c.  were  dead. 


H 


Mr.  Gompertz’s  analysis  applicable  to  the 


Art.  8.  If  one  pound  is  to  be  received  at  the  expiration  of 
the  first  of  the  equal  periods  p ,  after  the  expiration  of  the 
time  n' — p ,  which  shall  happen  after  the  failure  of  any  of  the 
above  conditions  of  joint  or  single  existence  of  the  persons  in 
question,  provided  that  that  failure  should  take  place  between 
the  intervals  n — p  and  m ;  the  present  value  of  this  sum  will 
be  the  present  value  discounted  for  the  period^  of  the  income 
on  the  contingency  of  the  conditions  not  failing,  the  first  pay¬ 
ment  to  be  made  at  the  period  n — p,  and  the  last  at  the  period 
m — p ,  less  the  present  value  of  the  income  on  the  contin¬ 
gency  of  the  conditions  not  failing,  the  first  payment  to  be 
made  in  the  time  n9  and  the  last  in  the  time  m.  Thus  suppose 
the  income,  payable  at  every  interval  pf  of  one  pound  on  the 
contingency  of  certain  lives  remaining,  the  first  payment  to 
be  made  at  the  time  n ,  and  the  last  at  the  time  m,  be  repre- 


P 


sented  by  « 

m 


— ,  and  therefore  a  similar  regulated  income  of 
which  the  first  payment  is  to  be  made  in  the  time  n — py  and 


the  last  in  the  time  m-~p.  will  be 

m-p 


-,  and  the  present 


value  of  one  pound  to  be  received  at  the  first  period  p  which 
shall  happen  after  the  failure  of  the  condition,  &c.  is 


r 

r 

P 

_ _  mmmmm  tf 

P 

_  Because  w 

1  ■  ■  ■  ft 

C  m 

C  it 

i 

c 

rt  x  *— p _ _ _ Because  v - ,  is  the  value  of  one 

m — p 

pound  to  be  received  at  the  period  tt  in  the  contingency  of  the 


-7-  r 


conditions  not  having  failed,  on  or  before  that  time ;  * 

7T 

is  the  chance  of  its  not  having  failed  on  or  before  that  time ; 
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r 

T 


in  the  same  manner  n—p 

m — p  n 


t-r*  ^  is  the  chance  of  its  not 

having  failed  on  or  before  the  time  7 r—p ;  and  the  excess  of 
the  latter  above  the  former,  is  the  chance  of  its  failing  be- 

•  1 

tween  the  intervals  7 r— />  and  7 r,  which  multiplied  by  r’7'  gives 


x  r? —  t 

w 


*  ' 

•,  for  the  present  value  of  one  pound,  to  be 


P 

r—P 

7T - P 

received  at  the  expiration  of  the  time  7r,  in  case  the  condition 
should  fail  between  the  time  7 r — p  and  7r ;  and  if  tt  be  succes¬ 
sively  interpreted  by  n,  n-\-p ;  ?z+2/>,  &c.  m ,  the  sum  of  the  re¬ 
sulting  expressions,  will  be  the  value  of  one  pound  to  be  re¬ 
ceived  at  the  first  of  the  periods/)  from  the  time  n — p  that  shall 
happen  after  the  failure  of  the  condition,  provided  that  that 
failure  takes  place  between  the  periods  n — p  and  m ;  but  because 


- ,  and 

c 


p 

n 

y 

,  P 

~  +  n+p 

,  P 

-  ?l  +  2p 

-  +  &C.  .  . 

p 

. .  m 

m 

C 

m 

C 

m+p 

C 

n  +  2y 

C 

in 

r 

r 

r 

r 

similarly  JLp 

__  P 

,  P 

-  +  n 

,  P 

-  +  ”+p 

m — p 

C  n — p 

C 

n 

C 

n+p 

—  +  &c . 

c 


p 

m—p 
m — p 
r 

'w 

P 

Tt 

m 


— ;  therefore  the  said  value  is  equal  to  JLp 

C  m — p 


as  above  asserted. 


- x  r* — 

c 


From  the  two  equations  first  cited,  it  appears  that  n— p 

1  m—p 

r  r  r 


P 

n 

1  P 

•  -J-  n—p 

p 

- m 

in 

C 

11 — p 

C 

m 

;  the  value  of  the  above  contingency 


1 6 


Mr.  Gompertz's  analysis  applicable  to  the 


F 

therefore  becomes  (rp — 1)  .  n 


+  j  nLp 

l  n—p 


'w'l 

P\  l 

—  ^  —  r  • 

m  jC  J 


r*. 


i> 

If  we  look  to  the  expression  p 

m — p 


-  X  rp -  n 

C  m 


_ ,  we  shall 

c 

discover  that  if  the  increment  of  some  variable  quantity  k  be 
equal  to  p,  and  that  be  the  only  variable  quantity  concerned 


in  the  functions  n— * 


m-r*. 


.72 


x  r*,  that  our  quantity,  the  value  of 


the  assurance,  will  the  increment  thereof  after  k  be  made  equal 


P 

to  o,  and  the  assurance,  or  the  increment  of  m 


n — x 


£*■ 

x  r 


v 

thus  modified,  I  shall  denote  by  n 

m 


And  in  conformity 


with  this  notation,  I  should  write  « 


m 


a,  b,  c ,  &c.  for  the  assur- 


— 

ance  of  one  pound  to  be  received  at  the  first  of  the  equal 
periods  p  from  the  time  n — p  which  shall  happen  after  the 
time  n—p ,  and  not  after  the  expiration  of  the  time  rn ;  after 
the  extinction  of  the  joint  lives  of  the  persons  now  aged  a ,  6,  c, 


a,  b,  c,  See,  j  should  denote  the  present  value 


&c.  also  by  » 

m 

of  the  assurance  on  similar  conditions  with  respect  to  the 
failure  of  the  last  v  survivors,  &c.  When  m  is  infinite,  or  is 
supposed  to  be  the  greatest  possible  limit,  we,  in  conformity 
with  the  notation  hitherto  used,  would  write  those  expres- 
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i  r 

sioiis  respectively  n 


P 

n 


r  r 

x  'w 

a,  b,  c,  See.  p 

- n 


a,  b,  c.  See . 


,  when  p  —  o, 


u 

and  the  time  m  is  not  the  utmost  limit,  they  will  stand  n 

«  m 


r  r 

o  a,  b,  c,  kc.  o 

n - n 

m  m 


_• b>  c>  &c- :  and  when  m  is  the  utmost  limit,  and 


p=o,  they  will  stand  n 


a,  b,  c,  Sec. 


&c.  These  denote 


the  assurances  of  one  pound  to  be  received  after  the  failure 
takes  place  ;  and  if  they  be  multiplied  by  rf,  they  will  denote 
the  value  of  the  assurance,  if  the  money  be  to  be  received  at 
the  time  p  after  the  event  takes  place,  whenever  that  may 
happen  between  the  times  n  and  in;  and  this  is  properly  what 
should  he  called  the  assurance  of  the  sums,  though  writers  call 


r 

'w/ 

p 

n 

m 


a,  b,  c,  & c. 


&c.  the  assurance.  See 


what  I  denote  by  n 

m 

s 

Scholium. 

Art.  10.  It  is  often  necessary  in  calculating  from  tables,  to 
have  a  method  of  interpolation  for  the  discovery  of  terms  not 
explicitly  contained  in  the  tables  ;  if,  for  instance,  we  had  the 
function  M  .r  calculated  in  a  table,  for  values  of  x,y,z, 

&c.  taken  in  as  many  series  proceeding  in  arithmetical  pro¬ 
gression,  according  to  certain  scales  of  differences,  and  we 
wish  to  have  the  value  of  the  function,  when  some  only,  or 
neither  of  them  are  in  those  series.  And  for  this  purpose  the 
method  of  finite  differences,  when  the  differences  converge, 
is  applied  with  great  advantage,  as  is  well  known. 

D 


»*»■(**  2  a^( 


18  Mr.  Gompertz’s  analysis  applicable  to  the 

By  the  prefixed  symbols  A,  Aa,  A3,  &c.,  I  mean  the  first, 

X  I  X  i  X  I 

second,  and  third  differences  of  the  function  to  which  it  is 
prefixed,  arising  from  the  series  formed  by  writing  x,  x-j-e, 
z+qs,  x+3s,  &c.  in  the  place  of  x  in  that  function.  Hence 
from  the  method  of  differences  we  have 

r  r  r  r 


P 

n 

in 


a— {—  ex. 


n 

m 


a 


+  -.A.J, 


a  s  m 


—  i 


a 


+  -X—  -An 


a  t  m 


a  “j—  Sec.  p 


d’^OLy  by  Cy  &C»  '  ^ 

- m 


a,  b.  cy  Sec.  “j - A  n  a,  by  c,  Sec.  "f“ 


a. 


cc  i 


—  I 


atm' 

r 


e  2 


■A2n 


a  ■  tn 


a,  b,  c,  Sec.  -f-  &C. 


m 


a+ot,,b- \-P,  c,Sc  c. 


P 

'  it 

m 


r 

a,  by  0,  See.  -{“  A  A  n 


a  t  m 

r 


+  CL 

-  • 


CL 


A’  n 


a  e  m 


a,  b,  ct  Sc c.  ,  &C. 


+£a  » 


airm 


a,  b,  c.  Sec.  -f- —  •  —  A  An 

■  . . -  a  t  b  nm 

£_.  £ 

+  £” - A*,  n 

™  2  b  tr  m 


a, 


b,  c,  Sec.  9  See. 


a,  b,  Cy  Sec.  j  See. 


And  in  a  similar  manner  are  other  expressions  written.  It 
may  be  often  of  advantage,  where  the  text  is  sufficiently  ex¬ 
plicit,  to  use  the  differencing  symbols  and  omit  the  others, 
leaving  them  to  be  understood,  and  to  write,  for  instance. 


P 

n 

m 


a-f  a,  b-\-(3,  c.  Sec.  — 


P 

n 

m 


—  i 


Lb,c.+^  A:  +A-J—A-.  +  &C 


a  * 


a  $ 


+  - A  :  —  •  —  A  A  :  +  &c. 

1  TT  ,  f  7T  „  I,  1 

b  7r  a  t  bit 


P 


a  t  b  ir 

P 


P  vr 

9T 


—  I 


■A  :  +  &c. 


\ 


estimation  of  the  value  of  life  contingencies.  19 


Section  II.  Art.  1.  If  there  be  any  function  M^,  which  de¬ 


creases  as  x  increases,  and  for  x  we  write  x-\-n,  the  function 
will  be  transformed  into  Mr+w;  and  may  be  developed  into 

M  — n  Mi M"-|-w3  M'",  &c.  where  M'  is  positive;  and 
if  m  be  taken  sufficiently  small  we  shall  have  = 

wlVf.  sufficiently  near.  And  nM‘  will  be  nearly  the 
decrement  produced  in  by  writing  x-\-n  for  x.  And  this 

approximative  decrement  is  proportional  to  n.  Hence  it  ap- 

% 

pears,  that  the  number  of  persons  living  in  any  table  of  mor¬ 
tality  indicating  the  number  of  persons  living  at  every  pos¬ 
sible  age,  that  is  to  any  fraction  of  a  year  or  unity  of  time, 
the  intervals  of  age  may  be  taken  so  small,  that  whatever  the 
law  of  mortality  may  be,  during  any  portion  of  any  the  same 
interval,  the  decrements  may  be  considered  proportional  to 
the  time.  Observation  informs  us,  that  this  proportionality 
of  decrement  may  be  admitted  as  affording  a  tolerable  degree 
of  accuracy  during  very  long  intervals,  and  in  that  respect,  it 
gives  us  some  idea  of  the  nature  of  the  function  of  mortality  ; 
but  independently  of  observations  from  known  results,  we 
see  that  we  may  approximate  to  any  degree  of  accuracy  con¬ 
tained  in  the  tables,  by  dividing  long  intervals  into  shorter 
intervals,  and  taking,  whatever  may  be  the  functions  of  mor¬ 
tality  or  of  living,  the  decrements  proportional  to  the  por¬ 
tions  of  time  between  the  separate  intervals,  and  thus  if  we 


wished  to  find  the  value  of  « 


m 


a,  b,  c,  Sec. ,  that  is  the  value  of 


an  annuity  of  one  pound  on  the  joint  lives  whose  present  ages 
are  a,  b ,  c,  &c. ;  the  first  payment  to  be  made  in  the  time  n , 
and  the  last  in  the  time  m,  at  a  rate  per  cent,  indicated  by  the 


1 


20  Mr.  Gompertz's  analysis  applicable  to  the 

present  worth  r  of  one  pound  to  be  received,  certain  in  one 


a,  b,  c,  See.  —  ( rn  •  L„ .  h>  Ct  &c>  + 


one  year ;  because  « 

m 

rn+ \  L„+ , .  „t  b,  e,  &c.+&c . r»  Lm .  b_  c>  &c  )  divided  by 

La,6,c,  See.,  h  follows  that  if  the  interval  be  taken  sufficiently 
small,  the  decrements  being  considered  proportional  to  the 
time,  and  ^  be  taken  not  greater  than  m—n,  we  shall  have 
y-M-f  $  ^  L  n  +  g:a,b,  c,  ==  f  X  +  a  £  ^  «  +  a  ^  6-f  n  * 

Lc+m — ^  x  &c.,  by  using,  rnutatis  mutandis ,  the  notation 

above,  and  this  is  (Lw  ;  a>  b,  c,sec.  £  (^'n+a  •  Ln  :b,c,Scc. 

n+b  •  L«;a,  c,&c. «  +  a  •  ^  «  +  6  *  :c,See.  “h  &C-) 

—  8tc. )  =  r"+« .  L„ .  a>  c>  &c.  x  (Ab  f  +  B„  &c-) ;  A„,  B„, 

« 

&c.  being  put  for  the  coefficients  of  the  different  powers  of 
are  constant  during  the  interval  of  uniform  decrement,  and 
consequently,  by  writing  o,  1,2,  3,  &c.  for  we  see  how  we 
may  obtain  the  value  of  annuities  approximately  for  por¬ 
tions  of  time  sufficiently  small,  and  that  we  therefore  have 


1 

n 

m 


n  :  a,  b ,  c,  Sec. 

a,  b,  c,  Sec.  =  rn  '  L  i  x 

_ a,b,c,Se  c. 


r 

— A  r 
n 

+  B  .  r— & c. 
« 

r* 

■  2  ra 

vx 

r3 

3rJ 

9ri 

&c. 

Sec. 

Sec. 

j-n _ jtt 

n — m  .  r”— ” 

n — m  rn — m 

> 


and  if  Tw_m  be  put  =  1  +  r  +  r2 . rn~m,  T'n_m=r+ 

+  3^3  +  4/  . .  .  .  n — m  .  rn~m,  T'^r+^-J-gr3  •  •  • 


2  r 


n — m 


r»— m,  &c.,  numerical  values  of  which  may  be  arranged  in  a 


small  table,  we  shall  have  1 


a,  b,  c,  Sec. 


rU 


‘n  :  a,  b,  c,  Sec. 

L  " 

a ,  b,  c. 


x  (T„_m  — A„T„_m+  B„T"„_m— &C.)  and  by  repetition 

r 

and  addition  we  may  obtain  TL^c.&c.,  that  is  the  value  of  the 


n 
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annuity  on  the  whole  possible  joint  existence :  and  where 
there  are  many  lives  concerned,  perhaps  this  may  answer 
with  as  little  trouble  as  by  the  common  methods  by  the  li¬ 
mited  tables ;  and  any  accuracy  may  be  obtained  that  the 
tables  of  mortality  will  afford,  by  using  sufficiently  small  in¬ 
tervals  ;  which  is  not  the  case  when  the  common  method  is 
used,  of  searching  in  the  tables  of  two  joint  lives,  and  then  of 
a  single  life,  and  then  of  another  life  with  this  single  life,  &c. 
till  we  have  comprehended  the  whole  number  of  lives. 

Art.  2.  Moreover  any  functions  Mr+m,  may  be  developed 

4*  M"  -I-  &c 

into  the  form  M^.  7r  *  x  and,  consequently,  if 
n  be  sufficiently  small  to  admit  of  all  powers  of  n  above 
the  first  being  omitted,  we  shall  have  M^+m  =  .  irmM *; 

and  if  this  remark  be  applied  to  the  function  La+n  of  the 

living  at  the  age  a-\-n ,  we  see  that  we  may  take  an  interval 
m,  from  n  so  small,  whatever  be  the  real  constitution  of  the 
function,  that  the  number  of  the  living,  during  that  interval, 
shall  decrease  so  as  to  form  a  geometrical  progression  very 
nearly,  whilst  the  portions  of  time  increase  in  an  arithmetical 
progression  ;  and  that  the  decrements  of  living  are  also  in 
consequence  very  nearly  in  geometrical  progression :  and 
we  may  moreover  in  this,  as  in  the  former  case,  accom¬ 
modate  the  function  so  as  to  be  accurate  at  the  two  ex¬ 
tremes.  Thus,  for  instance,  if  we  wish  to  have  an  approxi¬ 
mative  expression  in  a  geometrical  progression,  for  the  num¬ 
ber  of  living  for  ages  from  20  to  30  years,  which  shall  be 

/ 

exact  for  the  age  20  and  30,  according  to  the  Northampton , 
tables  of  mortality.  Assume  tt  any  convenient  number  at 
pleasure,  say  10,  take  a  =  20,  and  a  +  n  =  30  ;  n  =  io. 
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.  Log.  of  L  — Log.  of  L 

and  we  have  L a  =  L'20  = - - —  =  —,0068317 

according  to  the  Northampton  tables.  And  when  n  is  any 
thing  from  o  to  10,  L20+rt=  L2Q.  10— oo683i7«j  and  the  loga¬ 
rithm  of  the  numbers  of  living  at  the  age  204-^=3,7102866 
— 0063 1772.  Hence  we  have  respectively 


Living  at  the  ages 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

3° 

According  to  the  Nor-  7 
thampton  Table  ( 

Ditto,  Geometrical  7 

5132 

5060 

4985 

4910 

4895 

4835 

4819 

4760 

4685 

4670 

4610 

4535 

4460 

4385 

4385 

progression  -  -  j 

S'32 

5051 

497  2 

4744 

9457 

45  25 

4454 

Deficiency  of  the  Geo-  7 
metrical  progression  j 

0 

9 

*3 

*5 

16 

16 

*5 

13 

10 

6 

0 

T.L' 

Art.  3.  Hence,  if  we  consider  Lx+r=  Lx.  10]  x,  whilst  r 
is  not  greater  than  m — ?i  as  a  sufficient  approximation  ;  and 


r 


we  wish  to  find  the  value  of 


w 

m 


a,  b,  c,  &c.  we  have  by  writing  a 


for  the  common  logarithm  of  r,  and  putting  f  +  L,fl+n  +  L^+Jl 


+  ,  n4*  &c-  —  ^5  n 

m 


~VeL»  :  6,  c,  Sec.  w  ^  1  _j_ 

6,  c,  &c.  =  loj  "T - *  V1  1  10l 


a,  6,  c,  &c. 


+  T312^  +  iS)5*  + . 


)  Cy  &c» 


I  — 10 


(?T2 — 


i — 10  A1” 


;  and  by  restorations  this  may  be  written 


wt  n:a,b,c,Scc. 

1  ^  x 

a,  b,  c,  &c. 


m — «+/>  L  .  .  ,  „  „ 

1  —  r  1  m  -\-p  :  a,  b,  c,  Sec. 

:  a,  b,  c,  Sec. 


1—  r*  .  L 


u  +  p  :  a.  b,c,  Sec. 

:  a,  b,  c.  See. 


Art.  4.  If  the  number  of  living,  corresponding  to  times  in 
arithmetical  progression,  form  a  series  in  geometrical  pro¬ 
gression,  we  should  have 
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P 

P 

m 


a, b  =  r*.  htl±l  +  ( ft.  hP Y+  &c . (r*. 

-  La,  b  a,  b  )  La,  b  ) 


a,  b,  C  —rK  hi±hl  +  r> .  +  &c . irK  hil'hlX; 

-  La,b  La,b  La,b,x:  ) 


P 
P 

m 

and  also 

r 


P 

P 

m 


L*  ■  -  .  \2 
/>  +  £  \ 


—  rf.-P±L+{rt.  L 


+  &c. 


(r*. 


l  \w 

p- f «  \ 


Hence,  if  ■  =  —j*  ■■■  — ,  then  | 


a,  b 


m 


.  P 

m 


a ,  6  ;  and  also 


P 

P 

n 


a,  b,  c  =  p 


if  c ;  that  is,  according  to  this  hypothesis,  if  the 


value  of  a  periodic  income  of  one  pound  to  be  paid  at  the  ex¬ 
piration  at  every  interval^,  for  a  given  number  of  intervals, 
on  two  joint  lives,  whose  present  ages  are  6,  be  equal  to  a 
similar  income  on  the  single  life,  whose  present  age  is  e,  then 
the  similar  income  on  the  three  joint  lives  of  the  present  ages 
a ,  b}  c}  will  be  equal  to  a  similar  income  on  the  lives  whose 
present  ages  are  e  and  c.  And  it  also  follows,  that  a  similar 
reduction  may  be  made  for  more  lives,  and  their  value  thus 
obtained  according  to  the  hypothesis.  And  this,  I  imagine, 
is  the  foundation  of  the  practice  for  determining  the  value  of 
annuities,  on  many  joint  lives,  from  two  tables,  of  which  the 
one  is  on  single  lives,  and  the  other  on  two  joint  lives  ;  and 
we  discover,  that  if  the  same  geometrical  progression,  or  a 
proximity  thereto,  does  not  continue  through  the  whole,  or 
the  certain  portion  in  question  of  the  lives,  this  method,  which 
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may  be  considered  the  general  practice,  must  often  lead  to 
error. 

It  may  be  worth  observing,  that  ifL^+n,L6+n,L,+w,&c.  were 

L1  r  '  ll 

respectively  equal  toL^.7r”  «,  btL,c^n  c,  &c.  what¬ 

ever  positive  value  n  might  be,  that  is,  if  the  living  from  the 
respective  ages  a,  b,  c,  &c.,  whilst  the  time  increased  in  arith¬ 
metical  progression  form  series  in  a  geometrical  progression, 
then  would  the  present  value  of  the  periodic  income  on  the 
joint  lives  of  the  ages  a,b,c,& c.  be  the  same  for  the  same 
term,  as  on  ages  older  than  those  by  any  number  of  years, 
either  the  same  for  each,  or  different.  And  hence  we  may 
have  some  reason  to  suspect  that  the  value  of  annuities  given 
by  tables  on  old  age,  by  assuming  a  necessary  term  to  life, 
as  is  done  in  the  adopted  tables  of  mortality,  is  likely  to  be 
far  from  the  truth. 


P 

Art.  5.  As  to  the  calculations  of  the  values  of  n 


m 


a,b,c,&ic.y 


P 

n 

m 


a,  b,  c,  Sec. :  a\ b', c', Sec. :  &c,  _  gee  Art.  6  and  7.  Sect.  1,  and 


other  expressions  therein  contained.  Besides  the  usual  mode 
of  reducing  them  to  their  equivalents,  a  number  of  combina¬ 
tions  of  joint  lives,  for  the  purpose  of  working  from  calcu¬ 
lated  tables,  which,  when  the  lives  are  many,  will  be  a  labo¬ 
rious  task,  and  subject  to  the  errors  of  numerous  interpola-. 
tions  and  of  the  other  approximative  modes  which  will  be 
necessary  in  many  cases  when  the  lives  are  numerous,  it  may 
be  easier  to  work  them  directly  without  such  reduction,  or 
by  reducing  the  terms  to  geometrical  progressions  for  short 
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periods,  &c.  and  for  all  these  purposes  it  is  necessary  to  have 
the  value  of  the  contingencies  referring  to  each  payment. 
And  in  order  to  this,  for  the  sake  of  brevity,  let  Ea  n  what¬ 
ever  a  and  n  may  be,  represent  the  chance  that  a  person  of 
the  age  a ,  shall  be  living  at  the  expiration  of  the  time  n ,  and 
Da  n  he  the  chance  of  his  being  dead  at  the  expiration  of  the 
time  n.  And  consequently,  E^n  +  =1 ;  alsoFfl  w== 

La+n  La 

■ n  ,  and  Da  n  =  1 - Moreover,  if  we  introduce  any 

letter  xasa  multiplier  of  Ea>  n  ,  if  x  be  equal  to  unity,  since 
n  —  00  .  Ea  n ,  we  may  under  that  idea  of  x  being  =  unity, 
write  a?  ■  E„,„  +  Da> „  =  l,  *  Ea> H  +  „  =  l ,  &c. ;  and  also 

( *  K,  n  +  D.,  „)  x  (  j  E„_  „  +  D6;  „  )  x  ( )  +  &c. 
=  l  ;  and  if  the  left  hand  side  be  multiplied  out  at  length, 
and  there  be  (x  persons  or  p,  multipliers,  then  the  coefficient 

of  x **  will  be  the  chance  that  all  the  [x  persons  shall  be  living, 
the  coefficient  of  x[x~~ 1  will  be  the  chance  that  there  shall 

be  ft — l  and  no  more  living,  the  coefficient  of  x l*~2  will  be 
the  chance  that  there  shall  be  (x— 2  and  no  more  living,  and 

generally  the  coefficient  of  the  chance  that  there  shall 
be  exactly  (x—  nr  of  them  living,  and  the  sum  of  all  the  co¬ 
efficients  from  that  of  x*  to  that  of  both  included,  will 
be  the  chance  that  there  shall  be  p, — 7r  or  more  of  them  liv¬ 
ing.  If  we  write  l  —  E„,  *for  our  equation  will  stand 

x—  l  .  E^  +  l  x  x — l  .  E.  +  l  x  x — l  .  E  +  i,  &c-  t0 

{x  terms  =  l,  x  being  supposed  equal  to  unity.  This  is  an 
identical  equation,  and  if  for  the  sake  of  brevity  we  put  P  0  = 

E 
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the  product  of  all  the  p,  terms  Ea„,  EM,  ECj„,  &c.,  , , , 


the  sum  of  the  products  of  every  p — t  terms,  Pp,_.j  2  the  sum 
of  the  product  of  p, — 2  terms,  &c.  the  equation  will  stand 


when  x  =  1  ;  that  is 


-2 


//]-)  [*• - 1  p  .  [A - I  \J- - 2  p  fX—l  [A— 2  u  3  p  Q 


^  0  ^ 


I  J* - 1  P  e- - 1  P - 2  p  |  f* _ ^ _ 2  ft  3p  <s 

-r A  -p— i>i — r •  v-iiiT  1  ’  2  "x  1, 1, cx-c. 

I  r^—2  P  2  T^~3  p  firp 

X  r  — 2,  2  —  — —  x  r  ^ — 2,  2  >  CX(-  • 


S> 


+  o/  3  P^_3,  3  &c* 


And  the  coeffi¬ 
cient  of  Wor 
the  chance  of 
their  being  at  the 
expiration  of  the 
time. 


r  .  f  •  •  r.  u—1 7+1  T'.  I  ^  — 7r+2  7r+  1 

Just  living  is  P  r—  —x - P^+i,  — 1  +  — — ’ 


Ditto  tt+  1  .  is 

Ditto  {jl—  7r+2  .  is 
&c. 


/x— ?r+  I 

"  < 

I 

P|tx — 7r-J-  I,  nr — 1 


P  _  &C 

2  *  ^—77  +  2,  77—2  CXU- 


^  —  77+2  p  o 

j  ’  JrjX-7T+2,  77— 2 


P 

77  +  2,  77—2  CXC‘ 


&C. 


and  the  sum  of  these,  or  the  chance  that  there  shall  be  (x — 7r 


or  more  living,  is  =  P^_„lW- p-v .  P^_,+  I,  +  ?—*■ . 


7T-j-  I 


_ P 

2  [A — 774-2,  7 r — 2 


_ —  &c.  Similarly  if  a?,  a:',  x"}  &c.  be  each 


unity, we  have  the  identical  equations  a:—  1  .Ean+ 1  xa?—  1  .Eb  ,„+i 


xx  —  1  ECi  n  +  1,  &c.  x  x ' — 1  .  Ea>+  1  x  x' — 1 .  Eb>}  w+  1  x 


a?'—  1  .  Ec,  n  +  1  &c.  x  xv~ — 1  .  Eall>n  +1  x  x" — 1  .  E6„jM+i  &c. 
=  1,  and  the  coefficient  of  xv  x  x,rc  x  x,,7l>  will  be  the  chance 


of  there  being  exactly  7r  living  of  the  first  set,  tt1  living  of  the 
second  set,  7/'  living  of  the  third  set,  &c.  We  remark  by  the 
bye,  that  if  a,b,c,  &c.  be  equal  to  each  other,  then  the  equa¬ 


tion  a;— 1  .  EflfW+  1  x  x — 1  .  n  +  1  x  &c.  to  terms  =  1, 


will  be  x — 1  .  E^  n  +  iT  =  1 ,  and  that  x — 1  .  E  n-J-  1  f  being 
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=^r  + >*  • =r  •  ^r2  •  e*-2 

&c.  therefore  in  this  case  P^0=  K,n>  P^-i,  i  =  I*  •  E£~' , 
P„_-  ,  =  a  .  e=i  E"-2,  &c. 

Section  3,  being  necessary  Lemmata. 

Art.  1 ,  on  the  fluent  of  L  .  .  L  .  . 

7  q  +  x  r-j-x 

Suppose  that  between  the  intervals  x=n  and  x=n-\-m ,  the 
decrements  of  life  of  persons  arrived  at  the  ages  q-\-n, 
each  in  proportion  to  the  time  elapsed  from  the  commence¬ 
ment  of  the  interval,  or  that  they  may  be  considered  so  with 
sufficient  accuracy.  See  Sect.  II.  Art.  1.  Put  x  =  n  +  t>  L?+lC, 
or  E?+„+(==L9+„  t  L  Lr+J  =  Lr+„  t  L'r+n  ;  and  the 

fluent  of  L?+I.  Lr+1wiIlbe=fluentof  (-L'r+/xLJ+B-tL'9+„) 

=  correction  -  iLr+„  .  L?+„  +  ^ .  L'r+„  .  L',+„;  and  as 


a: 

0 

0 

« 


L?+^  .  Lr+X  (Art.  3.  Sect.  I.)  expresses  the  fluent  of  Lr+r 


.  Lr+ *  from  x  —  0  to  x  =  n,  this  will  be  the  correction,  if  the 
fluent  be  supposed  to  commence  from  x=o,  and  our  fluent 


that  is  0 

n  +  t 
tx 


x 

0 


Ls+^  •  Lr+«  will  stand  =  « 


T  |  L  J  I  y  ^  O 

+  r+«  *  Lq  +  n  =  0  L  ,x.Lr  +  ;tr — t\J r^.n  .  + 

n  7  ‘ 

L5+M)  ;  but  because  according  to  hypothesis  /L,(?+n  = 
^  +  n  +  l  »  =  ^  -f  n 


—  —  2L'  ,  ;  and  also 

2  ?  4- 71 


X 


^L'r+„=Lr+„— Lr+B+(;  therefore  L?+J; .  Lr+X  the  fluent 
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in  question  may  be  written  in  either  of  the  two  forms  o 


n 


Jq  +  x 


L 


<?+* 


•  K+x—  (Lr -f«“Lr +»+<)  xL„ +n+^that  is  by  reduction  in 


•  +  n  +  t '  "  q+n+\t' 

r 


either  of  the  two  forms  0 


4q  +  x  *  -f  x  2  -J-  n  *  ^ q  -f-  ?r  ""f” 

T  ^+«  •  Lr+n+i  T^+«+£ .  Lr+„  +  “  Lr+M+*  •  L^-f  «-f  /  or 


•  Lr_j_a?  Lr_j_n  •  L “1“  ^r-f  w-f-f  •  j  that  is 


by  using  the  abbreviation  of  Art.  4.  Section  1,  «» 

~IJr+w,  5  +  n  r-f-K  +  *  7^9+n  +  *>  r+«"j“"J'Lr  +  «  +  f,9  +  M  +  f 


+  x  *  ■^'r+a: 


0 

or  0 

n 


•  Lr^_x  Lr-f  ?/,  <7  + «+-|£  “f"  +  q+fl+if* 

Art.  2.  Hence,  if  the  deaths  cannot  be  considered  as  the 
times,  with  sufficient  accuracy,  during  the  period  x;  but  dur¬ 
ing  any  portion  of  the  limits  0  and  g,  g  and  g',  g'  and  g",  g/#  and 
g'",  &c.  the  deaths  produced  in  any  portion  of  the  same  limits, 
are  proportional  to  the  portions  of  time  in  wffiich  they  are 
produced,  or  may  be  considered  so  with  sufficient  accuracy. 


X 


then  as  we  shall  have  0 


Lq+X  .  Lr+X  =  0,  we  shall  have 


X 

o 

o 

e 


Lq+X'  Lf+x - “  Lr>2  +  “-Lg,r  +  s—  yLg  +  8,r+-J-Lr  +  |,?  +  |; 
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and  also  =  —  Lr,?+|*  +  L r+h  9+|e ;  this  appears  by  merely 
writing  0  for  n  and  e  for  t  in  the  above  formulas.  And  if  we 
now  write  s  for  n,  and  e'  for  t  in  the  forms  of  Art.  1,  we  shall 


X 


have  0 


■^q  4-  x  *  Lr  _j_  x -  0 


Lo  +  x  •  L  ,  — •  L? 


'?  +  *  *  +  x  z  4  E>  ?  4- £ 

T^+s>r+«+s' —  T^?+e+t/*r+£  “1“  T  ^+«4-£,»  ?+*+*'  and  also  = 


x 

0 

0 


^q+x  •  ^r+x  — “  -}-  Lr+E+4  ^^.,^.1*'.  And  by  con- 


Jq-\-x 


tinuing  in  this  manner,  we  shall  arrive  at  the  value  of  0 

n 

,L  where  n  =6+£'+  s"+  &c. ;  and  therefore  by  dividing 

T  t  Aj 

the  intervals  into  a  sufficient  number,  we  may  find  the  fluent 
of  L?_|_x .  Lr+a.  to  the  utmost  degree  of  accuracy,  that  the 
tables  of  mortality  will  admit  of ;  and  for  most  purposes,  by 
dividing  the  time  in  but  few  intervals,  the  requisite  accuracy 
will  be  obtained. 

Art.  3.  And  considering  the  decrements  also  equal  during 
the  interval  m  at  the  expiration  of  the  interval  n,  we  have 


X 


0 

0 

n  +  tn 


L  .  L,+x,  that  is  the  fluent  of  Lq+X  .  Lr+a;  from  x—o 

q  ~\~x 


to  x=n-\-m,  = 


Jq  4-* 


•^r  +  x  — Lq  +  n,r  4-«“{”  — 


Jq+n,r+n+m, 


*^q+x  *  Lj-4-* 


2  +  2  ^q  +  n  +  m,  r4-«  + mi  a^so^ 

L r+n,q+  n  +  ■ Lr+M4-«,  g+w+iwjj these  are  obtained  by  wri¬ 

ting  m  in  the  place  of  t  in  Art.  1. 

Art.  4.  And  if  g,  e',  e" ,  &c.  m ,  be  each  equal  to,  or  less  than 
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the  interval  of  the  times  between  our  tabulated  numbers  of 
living,  these  may  generally  be  considered  to  give  the  utmost 
limit  of  accuracy  the  tables  will  afford ;  unless  that  there 
should  appear  sufficient  regularity  in  the  numbers  of  the 
tables  to  warrant  a  belief  that  an  interpolation  will  offer  a 
more  accurate  determination  of  the  number  of  living  for  in¬ 
termediate  intervals  than  the  first  differences  only  will  give ; 
in  which  case  our  intervals  s,  e',  &c.  m,  should,  to  obtain  our 
confidence  of  their  attaining  the  utmost  accuracy,  be  taken 
smaller  than  the  intervals  of  the  tables,  by  taking  their  cor¬ 
responding  numbers  by  interpolations. 

Art.  5.  It  may  be  observed  with  regard  to  Articles  1  and 
2,  that  when  the  object  is  only  the  calculations  of  the  value  of 


X 

0 

0 

n  +  t 


Lq  +  x  .  Lr  +  x,  the  less  developed  form  0 


L q  +  x  •  x 


(Lr+n—  Lr+n+i)  .  Lq+ni_it  of  its  value,  may  be  more  conve- 


X 


nient  than  the  form  0 


4-  x  •  L r  +  x  ‘ —  L r  +  n,  g  +  m  +  4" 

Lr+B+,,,+K+j f,  and  that  n  being  =  £+e'+s"+  &c.  we  shall 


X 


0 

have  o 

n 


^q+x,  Lr_j_x  (Lr  ~  Lr+t)  •  kg'+ie  (^“V  +  t  3  +  t') 


•  L ?+i  +  jtr  —  (Lr+t+£' — Lr+£+£'+£»)  •  Lj+i+i'+i/, 
Art.  6.  From  Article  2  we  have 


X 
0 
0 

«+•' 


X 

0 


-  0 

^g  +  x  *  ^r+x f 


^g-J-x  *  ^V  +  x  2^r+«>9  +  s“f"  2  +  ^  +  «  +  */ 


2  Lg  +  t  +  ^r  +  s'  +  2  +  ‘  +  r  +  6  +  ‘/’  °t 


^ q+x  *  +  x 
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rLr, ,  +  -7  7  L?+.,r  +4L<H".r+.?  and  consequently 


2 


0 

0 

£  +  / 


^?  +  x  *  ^  +  x  2  r  2  +  £  2  +  £>  r 


_1_L 

2  9  +  e,  r  +  E-J-i'- 


_Lt 

2  <?  +  £  +  £'>  r+6 


+  7L, 


2  9+e+e',  r+e+s'* 

in  Art.  1,  we  take  11=0  and  £==e-[~e',  we  shall  have 


whereas  if 


X 
0 
0 

£+£ 

L  9  +  £  +  6>  r+e  +  £'. 


'  '^'9+x -^V  +  x 


2  ^4,  r  ”t"  2  r  +  £  +  £'  2  ^9  +  £  +  £'  “H 

And  we  are  here  presented  with  two  dif¬ 


ferent  forms  for  the  value  of  0 

6+6' 


I'9+*iLr+iB;  that  is  of  the 


value  of  the  fluent  of  L9+Xj .  L/-+*,  whilst  x  from  0  becomes 
e— {— e' ;  the  latter  form  being  on  the  supposition,  that  the  de¬ 
crements  are  proportional  to  the  time  throughout  the  inter¬ 
val  e-j-e',  and  the  former,  that  they  are  first  proportional  to 
the  time  during  the  interval  e,  and  that  after  that  they  are 
again  proportional  to  the  time  through  the  next  interval  e. 
The  reason  of  adducing  these  two,  which  are  commonly  ap¬ 


proximate  values  of  °  L^+a; .  Lr+X)  is  that  several  ingenious 

authors  in  the  solution  of  some  of  the  problems  hereafter  to 
be  considered,  have  taken  as  an  approximation  that  if  two 
persons,  who  were  living  at  a  particular  period,  are  both  dead 
at  any  nominated  period  after,  within  a  certain  limit,  that  it  is 
an  equal  chance  which  of  the  two  is  the  survivor ;  which,  as 
will  appear,  is  the  natural  consequence  of  supposing  the  de¬ 
crements  of  the  lives  during  every  part  of  that  period,  to  be 
in  a  constant  proportion  to  the  time  elapsed  from  the  com- 
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mencement  of  the  period.  But  the  mode  of  analysis  pursued 
by  those  Gentlemen,  have  led  them  to  divide  their  periods 
continually  into  two,  the  one  a  period  generally  of  several 
years,  and  the  other  a  period  of  one  year  only,  and  they  have 
calculated  for  the  two  periods  separately,  and  added  the  re¬ 
sult  of  the  two.  This  mode  would  be  given  from  the  first  of 
the  two  forms  of  this  article,  which  is  extremely  more  com¬ 
plex  than  the  second  form,  and  apparently  with  very  little,  if 
any  advantage ;  for  if  the  decrements  were  accurately  in  a 
constant  proportion  to  the  time  from  the  commencement, 
they  would  be  perfectly  of  equal  value  ;  though  the  one  pos¬ 
sesses  so  much  more  simple  a  form  than  the  other  ;  and  when 
they  are  each  but  approximations,  there  will  be  but  little 
choice  to  be  made  between  them,  in  point  of  proximity,  in 
the  use  they  are  to  be  made  of  in  those  problems  ;  though 
there  will  be  a  vast  difference  in  the  degree  of  simplicity  in 
the  resulting  formula. 

Art.  7.  Hence  the  value  of  L^  +  a.  x  (fluent  of  .  Lr+>r 
commencing  with  x  equal  to  0)  will  form  Article  3,  when 


X 


^q+x^r+x  2  +  n,  r  -f  nj  “f" 


x — w-j-s,  be  —  L^+n+s  x  y  ° 

~T  +  w  +  6>  q  +  w>  r  +  n  +  S  “  L/>  q  - j-  «  6,  r  +  w  “f“ 


T  Lp+n+*>  *+«+.,  r+n+e  5  and  when  *  becomes  n+e+e',  sup¬ 
posing  the  uniform  decrement  to  last  through  the  whole 


period  g-f  e',  the  fluent  will  be  Lp+n+e+6'x 


2  ^  r  +  n )  +  2  L p  +  n  +  t  +  t'tq  +  n,  r+n  +  t  +  e' 

’  2 '  ^p  q  +  n  + « +  £,>  r -{- n  “1"  2  +  +  +  w  -f  £  +  e'>  r-f-  n-{-t-\-s' 
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0 

0 

«  +  *  +  •' 


^p+n+t  +  t',  q+x  x 


(L/»  +  n+e,  q  +  x  xLr_j_>rj  will 


o 

be  [  o 

n 


^q  + x  •  L q+x  2  r+n)  •  (.^p+n+t+i'  ^p+n+i)"^ 

1  I 

T  +  «  •  (Ln-f  e  +  C:p,  r  L„  +  £.^>r)  ^-Lr  +  n  (L„  +  i  +  6/.^>? 

^•n+e:  p,  q)  "I"  “  ( ^h+£+e' -p> q> r  ^n+t : p, q, r)  See  the  nota¬ 

tion,  Art.  4.  Section  i. 

Art.  8.  If  when  x=v  and  greater.,  L  ,  .  L  ,  is  equal  to 

0  q+x  r+x  1 

0,  and  the  fluent  of  L  .  L  generated  from  oc  equal  to  o 

q  +  x  r- \-x  n 

becomes  equal  to  v ,  be  y,  then  L p+x  .  fluent  of  (L^+J#, .  Lr+  x 

commencing  with  x=o),  will  when  x=v-\-m  be  =yL^+,+w> 
pc  being  positive. 

Article  9.  On  the  fluent  of  L pJrX  .  .  Lr+>r,  that  is,  il 

L x:p)q  •  Lr+^  hy  notation,  Article  4.  Section  1. 

If  between  the  limits  x=n  and  x=n~{-m,  the  decrements 
of  each  life  be  sufficiently  nearly  proportional  to  the  times  to 
admit  of  their  being  considered  proportional,  and  x  being 

put  =  71  -J~  t,  we  use  the  notation  L^+a.  ~  L^+n  « — tL'p+)li 
L9+^=L,  +  '<-  tV<l+n’  Lr+x  =  Lr+n  —  iL'r+n  >  We  shall  have 
^ x  :  p,q  *  ^V-fx  ^  ^  r-f  «  X  :  p,  q  ^  +  w  ^  ^  + 

22  L^+w  .  L#  Hence  the  fluent  generated  whilst  x  from  0 


becomes  =  7i+-m  is  =  0 

>1 


^ x  :  />,  q  *  ^7  +  * 


r-f  w  •  (  ^8  :  p,  q 


2  (  +  »  •  k  <?  +  >1  +  +  n  •  L  *  +  „ )  -f  —  +  „  .  +  K)  — 


+  3  ^  p  +  n  *  ^  q  + 


r 
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L x : p,q  •  Lr -j.jp  —  wL  r_j_n  .  (Ln+im . pt  •  L  ^+«)  since 

according  to  hypothesis  Lp+n+±m  =  Lp+n  y  m  l!p+H  and 
L ?+n+im  =  L?+n  -  y  ^L?+n ;  and  by  notations  Art.  4.  Sec¬ 
tion  1,  L n+lm:ptq  stands  for  LH„+fm  x  ^+K+,m.  And  we 
therefore  have  the  fluent  generated,  whilst  x  from  n  becomes 


,  that  is  n 


-P>  ?  '  }?r+x  m^r+n  ’  :p,  q 

'  • 

+  liL,/'+»'L'?+»)0ritSef)Ual—  <^r+«— K+n+m)  ■K+h’n-M 

— Ti  (  ^+n  ^“V+n+m)  *  v^+«  n  ^y+M+m)* 

And  here  it  should  be  remarked,  if  m  represents  one  year  or 
less,  as  will  be  frequently  the  case  in  the  application  of  this  for¬ 
mula  to  questions  of  practice,  that  generally  the  part  y  (Lr+n 

^r+n  +  m)  *  (J^p+n  ^‘p+n+m)  *  (^+n  ^+n+m)  be 

sufficiently  small  to  be  wholly  neglected  ;  but  should  greater 
accuracy  be  required,  the  case  would  be  rare  if  it  might  not 
be  considered  constant  throughout  the  possible  duration  of 
the  joint  lives. 

Article  10.  By  writing  L?+„—  L?+n+ra  for  mL'?+„,  &c.  we 


X 


shall  also  have  0 

n  +  m 


^x-.p,q'  Lr+X  —  °n 


^x-.p,  q  '  ^V+. r* 


^r+n+m)  x  Lp_j.w  (  L^_j.w  2  ■b'y+M 

^  L?+M+m) .  ^'/>+n+w)  j- 


X 

0 

o 

« 


^x:p,q'^r  +  x  (  Lr  +  w  Lr  +  w  +  m )  X  |  _L  Lw  f  +  JL 
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X 


Jn:p,  y+m 


\s 


x\p,q  *  ^r  +  x 


_L_t  _ Lt  _ Lt  _ Lt  1 

3  J-Jn  :/>,?,  r  6  n:r,p,q+m  6  •LJ« :  r,  q,p+m  3  :  r,  ?+m,  />  +  m“T 


JL  T 

3  «  :  p,q,r  +  m 

i  T 

3  *^n  +  m  :  p,q,  r  > 


+  6  :  />,  q  +  m,  r  +  m  "f"  6  ; 


p  +  m,  q,  r  +  m 


+ 


This  form  of  developement  would  give  the  solution  of 
some  problems,  to  be  considered  in  this  paper,  in  the  form 

which  has  already  been  given  by  mathematicians ;  but  there 

/ 

are  cases  of  application,  in  which  the  form  in  Article  9,  will 
give  a  much  less  intricate  solution. 


Article  11.  Because Ln:,  ?— i(L^+„.L'f+n+L  +n.Vp+n) 
+  y  L^+n  .  L'?+n,  part  of  an  expression  of  Article  9,  is  = 


agreeably  to  the  hypothesis  +  Ln+im.p> q,h being 


=  — - -  —and  k  —  —  -4-  \s  —  .and  therefore  the  fluent 

7.  7.  ^  *2  7.  ■  ▼  2  ' 


of  L,. .  *  .  Lv_.  ;  between  the  limits  of  x  =  n  and  x  —  n  -f-  m  is== 

•  p  y  Q  A  X  I 

~2  ^r+n  (  ^n  +  h  :p,q  ”1“  ^n  +  k  : p,q)  ^  r-fw  *  ^ Jn:p,q * 

Article  12.  On  the  fluent  of  xLx+r 


Suppose  n  and  sufficiently  near  each  other  to  admit 

the  decrements  to  be  considered  with  sufficient  accuracy  as 
proportional  to  the  time  t  in  which  they  are  produced;  t 
being  greater  than  m ,  and  x  —  n  -|-  t :  and  the  fluent  required 
using  a  similar  notation  to  that  hitherto  used  will  be  from 
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Mr.  Gompertz’s  analysis  applicable  to  the 


I 

t  =  0  to  £=m,  equal  to  —  mUK+n  x  T  (L/>+» 

t  „  _l  L'  i  L  '  A  w  +  &c.)  +  &c-  =  —  m^»+n  x 

'  ^n:  q,r.  s,  Sec.  qm\‘n  n,p,r,s,Sec.i^  /  + 

I  ,  ,  neglecting:  the  remaining  terms  in  which 

m3  &c,  not  herein  contained  are  concerned,  as  they  will  be 
small  if  m  be  small ;  though,  if  necessary,  we  may  pursue 
similar  means  to  those  used  in  the  last  a i  tide. 

Article  13.  But  if  during  short  periods,  instead  of  the  arith¬ 
metical  progressions,  we  use  geometrical  progressions,  see 
Article  2,  Section  2  ;  and  x  being  =  n  +  t  we  take  Lp+X  = 

bp  +  n  •  10  L?  +  n.To],  &C.,LX+Jf  — Lx+n.  10] 

and  therefore  putting  tt  for  the  hyperbolical  logarithm  of  10, 

_ t  V 

L  ,  =  7T  L  ,  .  L'  ,  J id  ",  we  shall  have  if  for  the  sake 

x-i-x  x-j-n  x-\ -n  f 

of  brevity  we  put  [l  =  b'p+n  +  L' q+n  +  L'r+W+  &c.  +  L  x+n, 

L* * : 7,  r,  s,  &c.  X  ^x  +  m  *  ^n:p,q,r,s,kc.,x  X  *  *  1°)  >  aR(^ 

the  fluent  generated  whilst  x  from  n  becomes  =  n  +  in  is  = 

u  ^ 

:  p,  q,  r,  s,  ike.  x  *  x  ^  X^  \  ^  p  x+n^  ^n+m:  p,q,  r,&.c.,x- 

^n:p,  q,r,  &C.,x*) 

Article  1 4.  Because  ^  &c.  x  =  Lw  ^  &c.  x  x  Tof  *  and 

L  =  L  .151  *+”  it:  follows  that  ~  L'  == 

X  +  Of  X  +  It  '  t*-  X  T « 

Log  ;  of  Lr  —  Log  ofL 

;  x  being  equal  to  ”+f’ 

•  y y  y>  '  j  ut.)  it  ri  .  yj  1  y  ex o •  x 

and  t  any  positive  quantity  not  greater  than  m ;  the  same  set 
of  geometrical  series  being  only  supposed  to  take  effect  be¬ 
tween  the  intervals  n  and  n-\-m ;  but  if  the  geometrical  series 
between  those  limits  only  take  effect  proximatively,  our 
fluent  will  be  but  an  approximation,  though  as  correct  as  we 


A 

I 


« 
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please  by  taking  the  intervals  sufficiently  small.  When  for 
the  purpose  of  approximation  a  long  interval  is  divided  into 
smaller  intervals,  one  of  which,  for  instance,  is  from  n  to  n-\-m , 
it  will  not  be  immaterial  for  obtaining  the  nearest  approxi¬ 
mation,  what  value  we  take  for  x  between  n  and  n-\-m,  in 

the  above  value  for  —  L'  .  :  an  off-hand  idea  might  be,  that 

x  should  be  taken  somewhere  about  n  +  i  m. 

L , 

Section  IV.  Art.  1.  Because  1 - -  is  the  chance  that 

Lb 

a  person  of  the  age  b  shall  be  dead  in  the  time  x , - 1~^-  is  the 

fluxion  of  the  chance  ;  that  is  the  measure  of  the  chance  that 
he  would  have  of  dying  during  a  finite  time  x,  on  the  conside¬ 
ration  that  that  cause,  if  any  should  subsist,  to  make  the  deaths 
disproportionate  to  the  time,  should  cease  at  the  term  x.  And 

if  this  be  multiplied  by  —y+x,  the  product  will  represent  the 

Lj 

a 

fluxions  of  the  chance  of  the  person  of  the  present  age  b  dying 
in  the  life  time  of  the  person  of  the  present  age  a ,  and  conse- 

L  .  Lr 

quently, — fluent  of  — is  the  chance  that  the  person 

a,  b 

of  the  present  age  a  has  of  surviving  the  person  of  the  pre¬ 
sent  age  b.  The  calculation  of  this  fluent  between  any  limits 
is  effected  from  the  articles  of  Section  3,  referring  to  the 

fluent  of  L^+jr .  If  for  q  and  r  we  write  a  and  b,  and 

we  wish  to  have  the  part  of  the  contingency  corresponding 
to  the  intervals  between  x  =  n  and  x  —  n  -f-  1,  taking  t=  1  in 

the  first  of  the  two  forms  we  have  it  ==  ..  b+n - fr+w+  O  ^  a+n 

2  L  , 

a,  b 

and  by  taking  n  successively  o,  1,  2,  3,  &c.  and  adding  the 


- , 
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results ;  making  the  division  by  2  La  b  for  the  sake  of  conveni¬ 
ence  on  the  sum  of  numerators,  we  obtain  in  the  same  for¬ 
mula  excepting  the  notation,  with  the  ingenious  Mr.  Morgan 
first,  and  Messrs.  Baily  and  Milne  after  him,  the  value  of 
the  contingency  for  any  part  or  the  whole  of  life,  that  the 
•age  a  shall  survive  b.  If  we  use  the  second  form,  the  part  due 

L »  |  — L 1  |  . 

to  the  interval  between  n  and  w+i,  will  stand  — — xJLjlL 

a,  b 

;  this  form,  at  least  if  the  tables  of  mortality  have  the 

'  % 
number  of  living  inserted  for  every  half  year,  would  be  easier 

in  practice  than  the  other.  If  a  less  accurate  solution  would 

answer  our  purpose,  we  might  take  t  much  larger  ;  if  it  were 

taken  ten  years  we  should  soon  get  through  the  work,  and 

frequently  with  sufficient  accuracy,  either  from  the  article 

now  quoted,  or  from  Art.  13.  of  the  same  section;  that  due 

to  the  interval  between  n  and  n  4- 1 ,  is  1 - M-y-f  0 — 1  a+n+  La+n+t)_ 


2  L 


or 


k b-\-n  k b — n-\-nt 


a,  b 


L. 


a,  b 


Ja+n+bt  • 


Art.  2.  That  A  and  B  whose  present  ages  are  a  and  b ,  both 
die  during  the  time ;  but  that  B  dies  last,  is  from  a  similar 


argument  =  —  fluent  of  (1 


Ja+x 


) 


Jb+x  . 

=  correction  — 

Lb 


+  fluent  of . a+x  ;  and  this  case  may  be  therefore 


Lb  '  La  .  Lb 


found  immediately  from  the  other ;  or  the  other  case  imme¬ 
diately  from  this.  But  if  from  the  period  x=n  to  x—n^m, 
the  decrements  of  each  life  be  proportional  to  the  times, 
'however  different  the  decrements  of  A’s  life  and  of  B’s  life 


\ 


l 
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may  be;  then  since — *(i- 


Jb+x 


may  if  x  =  n-\-t. 


according  to  the  notation  we  have  used  be  written  (1 — 


Ja-\-x 


a 


jj  k  *  |  r 

4-  t— -+  )  t — iliH,  our  fluent  between  the  limit  x  =  n  and 

La  )  hb 

x==  n  +  m,  will  therefore  become  ( 1 - •  m  ~J~  4"  T 

\J  .  1/ 

.  d+w‘-  h+tl ;  that  is  agreeably  to  the  hypothesis  putting  La+n 

L  »  L; 
a  b 

—  =  w  •  L  a+n,  and  =  m  •  L  &+«}  ^ 


V 


becomes  ( l — 


a+n 


a 


b-\-n  ^b+n+m  .  ^  a-\-n  + 

=  —  -p  -  x 


b+n _ b+n+m_:  ^jg  jf  n  were  equal  too  would  be  reduced  to 

2hb 

JL(i _ — - ;  1S  just  ^ab*  the  chance 

that  they  shall  both  have  died  in  that  time  ;  an  approximation 
frequently  of  service,  and  used  in  many  cases  by  Mr.  Mor¬ 
gan,  and  the  Gentlemen  who  have  followed  him.  If  there 
be  a  term  of  possible  joint  existence,  and  that  be  when  m=[x; 

and  v  be  some  positive  quantity,  the  formula  JL(i - 

( i - will  not  answer  when  v,  if  A  be  the  oldest; 

Lb  ) 

when  v  =  o  it  will  answer  and  become  JL(i — but  when 

2  Lb  J 

v  has  a  value,  this  must  be  increased  by  the  chance  that  B  has 
of  dying  beyond  this  time ;  that  is,  it  must  be  increased  by 

;  but  if  A  be  youngest,  it  becomes  when 
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m 


t*+v>  i  (i- 


L 


)  Moreover,  though  the  chance  of  A ’s 


surviving  B,  being  half  the  chance  of  their  both  being  dead, 
is  here  derived  from  the  hypothesis  of  the  decrement’s  being 
proportional  to  the  time  in  each  original  age  ;  this  is  not 
the  only  hypothesis  which  will  cause  that  relation  of  the  con¬ 
tingencies  ;  or,  which  is  the  same  thing,  provided  they  both 
are  to  be  dead,  that  the  contingency  of  A’s  surviving  B  shaJI 
be  equal  to  the  contingency  of  B’s  surviving  A ;  for  the 


fluxion  of  this  equation  is— -(i  - 


a  +  x 


Jb+x 


=-(»■ 


a 


— L 


a+x 


Jb+x 


L  L  L 

x  - ,  ;  and  therefore  i_<— — -  =  — -,  and  consequently 


a 


a-\-x 

TT 


Jb-\-x 


taking  the  correct  fluent  &c.  we  get  1 


Ja  -f  x 

T 

a 


=  »(1- 


k  be  a  constant  quantity  ;  therefore  the  fluent  of  (1 — 


'b+x' 


a+x 


a 


Jb  +  x 


=  —  the  fluent  of  k  ( 1 - *  — r—  ;  which  taken  to 

o  Lb  )  Lb 

vanish  when  x  =  o  is  the  contingency  according  to  the  pre¬ 


sent  hypothesis  of  B  dying  after  A  ;  and  is  =  k  .  (l - p 


b+x 


I  ^ a+x  ^  ^ b+x 


Hence  it  appears,  that  whatever  the  decrements  of  life,  or 
the  constitution  of  the  functions  of  life,  it  will  be  an  equal 
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chance  if  A  and  B  are  both  to  be  dead,  whether  A  dies  after 
B,  or  B  dies  after  A,  if  1 - =  £  .  (1 - k  being  con  - 

a  J 

stant. 

“  Note.  If  the  constitution  of  both  functions  of  life  is  of 

* 

“  one  and  the  same  continuous  character,  which  is  not  neces- 
“  sarilv  the  case,  unless  they  be  taken  from  one  and  the 
“  same  continuous  table  ;  then  it  becomes  an  interesting  pro- 
“  blem  to  search,  what  is  the  constitution  of  the  function  of 
“  life,  to  admit  of  the  aforesaid  equality  of  contingency  of  A 
“  dying  after  B  or  B  dying  after  A  ;  on  the  condition  of  their 
“  both  dying  in  that  time  ;  that  is  to  say,  to  find  the  common 
“  characteristic  L  which  shall  be  independent  of  a,  b,  and  x, 

“  such  that  1 - j— -  =  k  .  ( 1  —  -j— -  J,  the  requisite  equa- 

‘‘  tion  above  given.  And  as  this  is  a  problem  which,  from  its 
“  mode  of  solution,  may  be  equally  interesting  to  the  Analyst, 
“  as  forming  one  of  a  rather  novel  species  of  problems,  I 
“  shall  give  its  solution  for  both  purposes  ;  in  order  to  which 
“  I  first  observe,  that  unless  k  be  unity,  it  must  be  expressi¬ 
ng 

“  ble  in  the  form  so  that  the  equation  may  be  written  in  the 

a 

“  form  D  —  D  =  D,  .  ^  otherwise  there 

a  L  a  b  L,  o 

a  b 

“  would  not  be  a  perfect  similarity  of  the  character  L,  on  both 

Da 

“  sides  of  the  equation.  For  the  sake  of  brevity,  put  —  =  H  , 

1  a  a 

Db  . 

“  and  therefore  =  H6;  and  our  equation  will  stand 

^ b 

“  H  .  (L  ,  —  L  )  —  H.  .  (L  —  L,  )  ;  but  by  Taylor's 

a  v  a+x  b  K  v+x  bJ  J 

G 
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•  •• 

L  2  L 

“  theorem  L^+ ^  =  ha  +  x  •  -£•  -f  ~  *  -jr  +  &c.  a  •  being  taken 

•  •• 

“  constant ;  and  also  ^  *  “  +  ~  *  +  &c-  ^ 

“  being  taken  constant ;  therefore  if  these  be  substituted  in 

(C  the  last  equation,  it  is  evident  that  as  the  thing  is  to  re- 

“  main  true,  whatever  x  may  be,  the  homologous  powers  of 

“  x  must  destroy  each  other  ;  and  consequently  we  must 

“  have,  by  making  the  comparison  of  the  coefficients  of  those 

•  •  •• 

La  Lb  La 

“  powers  in  the  equation,  Ha  •  -j-  =  •  —  ;  Ha  •  —  = 

•  •  “ 

•  •  •  • 

L,  L  L, 

<<  •  -rr;  H  •  -4-  =  H,  •  77,  &c. ;  and  as  this  is  the  case  what- 

b  1  a  a3  It  b* J 

“  ever  a  and  b  are,  it  follows  that  each  side  of  the  equation 

ia  ia 

“  must  be  constant;  therefore  putting  =g,  H fl  •£#.=  /*; 

*  •• 

La  b 

“  g  and  h  being  constant  quantities,  we  have  r-=—.d.  And 

*  La  s 

L a  b 

“.taking  the  fluent  of  this,  we  have  hyp.  log  of-4=  — a ; 
“  p  being  some  constant  quantity  ;  and  this  may  be  reduced 
“  to  the  form  La  =  p .  e\  a ,  e  standing  for  the  number  whose 

“  hyperbolical  logarithm  is  and  taking  the  fluent  again, 

“  we  have  La  =  e'—  e".  ea ;  e,  e'  and  e"  being  independent 

“  constant  quantities,  though  e"  is  =  — p  .  -|-the  independence 

remains  because^) .  is  arbitrary.  And  as  the  equation  La  = 

h  .  b  '  b 

“  peaa,  makes  L  =  p  .~.ea  a*  —  —  a  L  ;  /.  L  =  —a  L  ; 

*  3  a  *  g  g  a  a  g  a 
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“  &c. ;  all  the  conditions  are  fulfilled  by  fulfilling  the  condi- 

•  •  • 

L  L 

“  tions  that  H  .  and  H  .  are  constant.  Whence  we 

si  U 


“find  the  constitution  is  L  =  e' — e" .  ea  \  where  e,  e"  are 

“  any  constants  at  pleasure.  And  if  I  mistake  not,  it  is  the 
“  only  function  which  will  admit  of  this  equality  of  chance 
“  continuously  between  persons  whose  mortality  is  formed 
“  from  the  same  function  ;  but  if  e  .  be  =3  1  e,  and  s  be  infi- 
“  nitely  small,  this  will  stand  simply  =  e* —  e"  (1  +  «e) ; 


“or  writing  g'  for  e' — e*'  and  g"  for  e"  g,  this  becomes 
“  L ^g' — g°a> ,  the  formula  of  equal  decrements  in  equal 


“  times/' 

Moreover  the  same  idea  of 


^a-^x  ,  + 

1  —  ~~L — *  1 - 1 — , causes 

a  ^ b 


the  fluent  of  —j~ — to  be  equal  to  the  fluent  of  k  .  h+- 

a  *  l b 

% 

Lb+x  ‘ 

.  — r — ,  which  if  taken  to  commence  with  x  equal  to  0,  will  be 


Jb 


2 


^b+x  .  ^b  +  x  1 

~T~~  x  1  +  ~TT  —  T 


L  ,  L,  .  L  , 

a-\-x  ,  b+x  1  ,  1  a+x 

•  ! - +  ~  — 


Lr  , 

1  D+X 

2  I  i-<7 


+ 


~  and  this  is  therefore  not  only  the  fluent  in  ques- 

•  a,b 

tion  in  the  hypothesis  of  constant  decrements. 

Article  3.  If  at  the  interest  to  be  made  for  money,  one 
pound  discounted  for  one  year  were  represented  by  r,  and 
we  wished  to  have  the  present  value  of  one  pound,  to  be  re- 
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ceived  at  the  first  of  the  equal  periods/),  after  the  time  n — p 
that  shall  happen  after  the  death  of  B  ;  provided  he  be  sur¬ 
vived  by  A ;  and  that  that  event  takes  place  between  the 
periods  n — p  and  m ;  then  if  each  separate  period  p,  may 
throughout  its  duration,  be  considered  within  the  limits  of 
constant  decrements,  the  value  of  that  part  due  to  the  events 
happening  between  the  periods  7 r  and  7r  +/>.  (  7 r  being  some 
one  of  the  terms  n  — p ,  n,  n  +/>,  &c. )  from  Article  1  of  this 


•  ‘111  ^  b-\-v  b-\-7T-\-p)  ii-\-ir-\-ip  u  —  \p ,  b—p 

section  will  be  — — - - 2 — —  ** - - - - 

a,  b 


Ja,  b 


X  r 


7T+/»  b  +  K,  a  +  TT+lp 


La — \p  jr+p  La+ir+±p,  b  +  n+pm  , 

- y -  •  /  •  I  — —  9  anu 

a  a—\p>  b 


a—\p>  b—p 

if  7 r  be  interpreted  by  n — />,  n,  n  —  a />,  &c.  the  sum  of  the 


whole  will  be 


Ja — \p,  b—p  P 

-  Yt 


L 


a,  b 


m 


La—ip  P 
a— ip,  b—p - r -  •  n 


m 


a  Jr  %p>b- 


ij  i  ^ 

If  p  be  one  year  or  unity,  this  will  be  ~L  1 - -  x  (the  an- 

a,  b 

L  i 

I  Cl , * 

unity  for  the  time  on  the  ages  a —  —  and  & — i) - £ — 1  x 


annuity  for  the  time  on  the  ages  a* anc^  & 

If  the  value  of  the  contingency,  due  to  the  intervals  between 

iK-.a.b  +  ^K-.a  +  t.b-1^  ■■-*L 


v  and  7T  +  p,  be  written 


v.a,b-{-p  2  » r-\-p\a,b  J*JrP 

t  f 


Ja,  b 


we  may  obtain  the  value  in  the  forms  of  Messrs.  Morgan,  Baily 

„  ,  i  r  1  ^ :  a,  b  ~  a,  b  v+p 

and  Milne  ;  for  by  reducing  the  form  in  the  shape  — - t - -  .  r 


i^b-p  *-rp 

+  71-*" 


V:  a-\-p,  b 
L  ,  . 

a, b—p 


a ,  b 

l  ^ a — p  JxJrP  k ir  :  a,b-\-p 

—  “7 - •  r  •  t 

fl  a— O 


,  and 


interpreting  tt  by  n—p,n}n+p,&  c.  we  have  from  Section  2, 


» 
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p 

for  the  sum  of  them  all  —  *  « 


m 


a,b  +  i- 


Lb-fi  P 

n 
m 


a,  b — p 


i  La— p  P 
- - — -  .  n 


m 


a — p,5.  This  is  the  same  in  fact  as  Mr.  Milne's 


form,  excepting  something  more  general;  in  as  much  as 
it  refers  to  the  case  if  the  assurance  be  temporary,  and 
transferred  at  the  same  time,  and  that  the  interval  p  is  not 
necessarily  one  year,  and  that  it  refers  also  to  insurances 
when  the  contingencies  are  taken  momentarily;  but  it  must 
be  remarked,  that  in  this  case  p  being  infinitely  small 

r  r 

. _  A  A 

a—  p,b  will  have  the  appearance 


1  b—p  P 

2  Lr  '  " 

b  m 


l  a—p  p 
a,  b—p  —  —  L  *  n 
am 


to  some  readers  of  being  equal  to  o  ;  whereas  that  is  not  neces¬ 


sarily  the  case ;  it  is  true  that  the  ratio  of 


‘b—p  P 


n 

m 


a,  b—p  tO 


•a-p  P 


a—p,  b  will  differ  infinitely  little  from  the  ratio  of  equa¬ 


lity  ;  but  as  they  will  be  each  of  them  infinite,  their  difference 
may  be  finite.  See  how  to  calculate  this  value  in  the  Scholium 
Art.  3. 

Article  4.  A  correct  notation  of  the  value  in  the  last  article 


Ttr 


is  in  conformity  with  our  plan  —  n—p 

m — p 


r 


n+P 


■  X  9T 

a,  b  n-\-p 


^a-\-x  *  ^b+xj 


And  if  for  L  ,  we  write  L  —  L  ,  ,  it  will  express  the  value 

a  +  x  a  a-t-x’  1 

of  the  assurance  on  the  death  of  B,  provided  A  be  dead  at  that 


X 


u 

time,  other  things  remaining  the  same.  And  because  » 

IT  -4 


+p 


Mr.  Gompertz’s  analysis  applicable  to  the 


— — —  •  0 

L  . - L  .  L  r  - ■  L  (  Lr  —  L  r  )  — 

a  a  +  x  0-f.v  a  V  A-fir+f  b  +  v'  ir+p 

7 r  r 

■  +  /»  L^+7T+/>“  L^+/>  _  /> 

L  r  W 

®  m 


and  n—P 

m — -p 


7T- 


* ;  therefore  the  value 


of  this  contingency  is  « 

m 


t>  —  that  of  the  last  article. 


Article  5.  No.  1.  If  there  may  be  a  continuance  of  certain 
independent  events,  denominated  for  the  sake  of  distinction 
K,  K',  K",  K'",  &c. ;  and  the  chances  of  their  continuing  the 
times  zv,  x,  y,  z,  &c.,  be  denoted  by  K  ,  K' ,  K",  &c.  re- 

spectively,  then  will  i—K^,  1 — K^.,  &c.  denote  the  corre¬ 
sponding  chances  of  their  not  continuing  during  those 
•  •  • 

times  ;  Kw,  K^,  K",  &c.  will  express  the  fluxions  of  the 
chances  of  those  events  continuing  ;  and  if  these  fluxions  be 
taken  with  regard  to  the  respective  under  written  letters 
zv,  x,  y,  &c  ,  they  will  be  the  chances  of  continuance  of  those 
respective  events  due  to  the  finite  times  w,  x,y,  &c.  respec¬ 
tively,  on  the  consideration  that  at  the  terms  zv,  x,  y,  See.  the 
causes,  if  any,  perturbating  the  proportionality  to  the  times 
of  the  discontinuance  vanishes.  And  under  the  like  hypo- 


•  •  • 

thesis  would — K  , — K' , —  K",  which  are  the  fluxions  of 

the  chances  of  discontinuance,  express  the  chances  of  the 
discontinuance  taking  place  during  the  times  w,x,y,  &c. 

No.  2.  Hence  we  see  that  —  K"  K"'  is  the  fluxion  of  the 

X  X 

chance  of  the  event  K'"  discontinuing,  whilst  K"  continues ; 

X 
0 

and  —  n" 
m" 


K"  .  K'"  is  the  chance,  that  between  the  times  n" 

XX 
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and  m  ,  K,,;  discontinues  during  the  time  of  K/'^s  continuing  : 
And  if  y  be  either  a  constant  quantity  or  a  function  of  x, 


n' 

m 


K  K'“  will  denote  the  chance  due  to  the  time  between 

J  u 

n"  and  m"',  that  is  whilst  x  becomes  from  n"  to  be  equal  to 
m";  that  whatever  x  may  be,  at  the  time  of  K/,;,s  disconti¬ 
nuance,  that  K"  shall  be  in  continuance  at  the  corresponding 
time  y. 


No.  3.  —  K' 


X 

o 

n 

y 


K"  K"' ),  will  denote  the  chance  that  the 

X  X  ' 


event  K7  continues  during  the  timey  ;  with  the  proviso,  that 
the  event  K7"  shall  fail  some  time  between  the  times  n  andy; 
but  on  the  condition  that  whenever  that  event  shall  take  place, 
the  event  K"  shall  not  yet  have  discontinued. 


No.  4.  And  —  ^  n  1  —  .  K'")  will  express  the  similar 


chance,  except  that  the  discontinuance  instead  of  the  con¬ 
tinuance  of  K/;/  is  to  take  place  after  the  discontinuance  of  K". 
y 


No.  5. 


0 

n 

m 


(K 


K'  K")  will  denote  the  portion  of  the 


chance  due  to  the  time  between  n  and  in;  of  K  discontinuing 
after  the  event  has  taken  place  of  K"'s  having  discontinued 
during  the  continuance  of  K' ;  if  that  super-continuance  of  K7 
should  not  take  place  before  the  time  n\  And  if  in  the  above 
expression  1 — Kx  be  written  for  every  thing  will  be  the 

same  ;  with  the  exception  that  that  part  which  referred  to  the 
continuance  of  K',  will  now  refer  to  the  discontinuance  of  K' 
having  taken  place. 
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X 

0 


y 


No.  6.  »  (K  K' 

ni  x  x 


0 


x 


v! 


K"  K"()  will  denote  the  portion  of 

y  y 


chance  due  to  the  time  between  n  and  m,  that  K  shall  dis¬ 
continue  during  the  continuance  of  K',  on  the  condition  that 
previously  to  that  event  taking  place,  K'"  shall  after  the  time 
n1  have  discontinued  during  the  continuance  of  K". 

And  thus  we  might  proceed  to  an  infinite  variety  of  cases 
with  regard  to  the  limits  in  time,  with  regard  to  the  number 
of  events,  &c. ;  and  however  compounded  and  numerous  the 
signs  of  Jlueniization  and  summation  may  be,  and  if  this 
mode  of  enunciation  be  duly  considered,  it  will  be  found  that 
the  meaning  of  the  more  compound  cases  is  much  easier  to 
express  and  to  understand,  in  this  analytical  language,  than 
by  a  more  elaborate  phraseology ;  and  that  this  mode  ena¬ 
bles  us  as  soon  as  the  meaning  of  the  question  is  under¬ 
stood,  granting  the  theory  of  summations  and  jluentizations,  to 
solve  it. 

No.  7.  By  way  of  illustration  I  shall  only  add  here,  that 
the  nature  of  the  events  to  which  K,  K7,  K''  &c.  may  refer, 
is  unlimited  ;  they  may  refer  to  single  lives  only,  to  joint 
lives,  to  joint  lives  connected  with  other  joint  lives,  to 
joint  lives  connected  with  deaths,  &c.  And  that  more  com¬ 
pounded  cases  may  be  understood,  I  also  mention  that 

w  X 


expresses  the  assurance  of  one 


pound  to  be  received  at  the  first  of  the  equal  periods  p,  after 
the  time  n — />,  that  shall  happen  after  the  discontinuance  of 
K"';  provided  that  that  discontinuance  happens  during  the 
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continuance  of  K" ;  and  provided  also,  it  happens  between  the 
time  n — p  and  m ;  the  present  value  of  one  pound  certain  to 
be  received  in  one  year  being  equal  to  r. 

Article  6.  As  it  is  probable  that  the  reader  will  be  desirous 
to  see  the  application  of  our  theo^  to  some  of  the  problems 
which  have  been  esteemed  the  most  difficult,  I  shall  consider 
the  problems  which  have  been  solved  by  Mr.  Morgan,  in 
the  Philosophical  Transactions;  and  in  pursuing  this  object, 
I  shall  take  the  examples  in  the  order  in  which  they  have 
been  presented  by  Mr.  Baily,  in  his  work  on  Assurances, 
from  page  206,  because  that  Gentleman’s  book  was  in  my 
hand  when  I  worked  the  examples.  Note,  that  the  object 
which  I  denote  by  p ,  has  with  those  Gentlemen  the  par¬ 
ticular  value  one  year ;  and  is  supposed  by  ‘them  to  be 
wholly  within  the  limits  of  proportional  decrement.  Note 
also,  that  the  present  ages  of  A,  B  and  C,  I  denote  by  a , 
b  and  c . 

Example  1.  The  chance  of  A  dying,  the  first  of  the  three 
lives  A,  B,  C,  is  by  taking  K"  of  No.  2,  in  the  last  article  == 


and  K"'= 


L  , 

n+x 

T  ’ 

a 


the  fluent  of 


L  A  „ 
x  :  b,  c 

f* a ,  b,  c 


L 


a  +  x‘ 


If p  be  within  the  limits  of  proportional  decrements  (that 
is  of  decrements  proportionate  to  the  times)  then  by  Section  3, 
Article  9,  the  chance  of  the  events  happening  between  the 


0 

times  7r  and  7 r+/>,  that  is  w 

L _  1  l  7T  ~~~  ^ a-\-7r-\-p 

«■+/> :  b,  c  1 


•  .  ^a  +  7r  ^a-{-7r+p 

•  L„+*  is  - I - x 


Jx :  b,c 
~“a,  b,  c 


+  ^ b  -f  7T + p 


a,  b,  c 


12 


a 


or  if  p  be  small;  such  for  instance  as  one  year,  it  will  be 


H 
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simDiv  Lg+* — _ --+7r+^  .  L -  ,  very  nearly ;  as  the  other 

ha,b,c  *+±^>c 

2 

part  will  be  comparatively  with  this  extremely  small ;  as  an  in¬ 
stance,  ifp  answered  to  one  year;  a+7r,  6+7r,  c-\-7r,  each  to  34 
years,  and  the  Northampton  Tables  be  used:  the  error  caused 
by  neglecting  the  part  in  question,  will  not  amount  to  the  thirty 
three  thousandth  part  of  the  real  value.  The  error  towards 
the  very  commencement  of  life,  or  towards  the  end,  is  cer¬ 
tainly  greater;  thus  if  the  values  of  <2+^,  6+7t,  c+7t  were 
all  90 ;  the  error  with  the  same  tables,  and  on  the  same  hypo¬ 
thesis  of  decrement,  would  bear  a  nearer  proportion  to  the 
real  value ;  but  would  not  amount  to  the  one  hundred  and  thir¬ 
tieth  part  of  the  real  value  ;  and  it  should  be  observed  in  these 
extreme  cases,  the  hypothesis  itself  is  defective.  Moreover, 
the  present  value  of  one  pound  to  be  received  at  the  end  of 
the  time  tt  +p,  if  the  event  should  take  place  between  the 
times  7r  and  tt  +p’  will  be  the  said  expression  x  r*+P ;  and  the 
sum  of  all  the  values  produced  by  interpreting  7 r,  by  n — p ,  n , 
n+p,  &c.  to  m — p ,  will  be  the  present  value  of  the  assurance  x 
of  one  pound  on  the  contingency.  If  we  wish  to  calculate 
this  from  tables  of  the  values  of  periodic  incomes ;  as  the 
part  due  to  the  interval  between  7 r  and  7r  may  be  ex¬ 
pressed  by  neglecting  the  small  part  above  alluded  to, 


r'+P  .  LJEl±P_±ih±±l±  L» :a+p.l>  +  ip,c  +  ip  or  i(s  equaj 

a,  by  c 

+  p  a — p,  b — \py  c—\p  :  a,b  +  \py  c  -f-  \p  — \p*  C“~\P 

.  T  X  T  -  T  .  T 


Ja,  b,  c 


g:  a-\rp,  h  +  \p,  c+\p  % 

h - \pyC - \p 

assurance  equal  to 


L  ~  —  T 

a—p,  b — \p,  c—\p 


'‘by  C 


t - — -  ;  and  therefore  we  have  the  value  of  the 

ay  1 — \p,  c — \p 
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y-P*  l~rP>  C-\P  v  P 

? - ■ —  X  n 

m 


Ja,  h,  c 


a — p,  l — ip,  c—\p ■ — 


■l-ip,  c~kp  P 

- -  n 

m 


Jh,  c 


a,  h — \p,  c — \p 


^  a  -f*  w  ^  a-\-it-\-p  +  ^  +  ’r+/> 

X  T  '  "  X  T  X 


This  is  on  the  supposition  that  we  have  neglected  the  value 
due  to  the  part  — 

u  " 

l  as  being  extremely  small  when  p  is  small, 

C  y  i 

such  for  instance  as  one  year.  But  I  observe  that  a  near  ap¬ 
proximation  of  its  value  in  this  case  is  one  twelfth  of  the  in¬ 
come  certain  for  the  term  multiplied  by  the  chance  of  all  three 
dying  between  the  intervals  n  and  n-\-p ;  and  as  an  example 
of p=zi  n=i,  and  the  corresponding  assurance  for  the  whole 
possible  joint  existence  be  required  from  the  Northampton 
Tables,  for  three  lives  at  the  age  of  30,  at  the  interest  of  3  per 
cent. ;  considering  the  last  income  possibly  to  be  received,  to 
be  at  the  age  95,  the  term  will  be  65,  and  the  approximative 
value  of  this  neglected  part,  if  the  assurance  be  on  ,£1000.  to 

be  paid  for  in  one  payment;  will  be  xooo  x  Zj).3  x 

*  J  12  X  4p?]J 

=  about  ~^OQ  of  one  pound,  which  is  less  than  three  pence. 

If  we  use  Article  10,  Section  3,  we  shall  obtain  the  same 
portions  of  the  contingencies  as  has  been  used  by  Messrs. 
Morgan  and  Baily,  whence  &c. 

/ 

“  Note.  I  may  observe  that  if  the  contingencies  were  as  in 
“  this  example  with  the  exception  that  A  is  to  die  before  any 
of  the  lives  B,  G,  D,  F,  &c.  the  value  would  be 


~‘a—p,b—^p,  c  —  \p>  d  \p,  &c.  .  P 


Ja,  b,  c,  d ,  Sec. 


n 

m 


a  —p,  6  —  %p,  c  —  \p,  d  \pt  Sec - 


5  2 
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((  b—\p,  c — \p,  d — Ip,  Sec.  p 

—  X  n 

b,  c,  d.  Sec.  m 


a>b-.\p,c—\p,d—\p,  &c.  very  nearly/' 


Note  also,  that  if  the  lives  be  all  equal,  and  there  be  q 
of  them  in  number,  the  contingency  of  one  in  particular  dying 

X  — i 

fl  T  .  —  U 


before  the  rest  will  be  — fluent  of 


L  \q 

a  I 


Ja+x 


(if  it 


commences  with  x  —  o )  —  (l 


a+x 


q  '  L 


a 


and  the  assurance  on 


that  contingency  will  be  x  the  assurance  on  the  joint  lives. 
Example  2.  In  a  similar  manner  from  Art.  2.  No.  5,  of  this 

Lc+x  _  hh+x  +  i  _  V  _  H+x  for 


Lb 


section,  writing  -.  1  — 

c  b 

La 

and  — ^  x  for  K"',  we  have  the  contingency  that  A  is  the  se- 

cond  which  fails  of  the  three  lives  A,  B,  C  =  —  fluent  of 
•  •  • 

/  Lc  +  x'"  ^a  +  x  +  ‘  Ld  +  .r  2  Lx :  b,  c  '  +  u  r 

—  l - H - IT - TX - )  =  chance  0f 

Ms  dying  before  C  +  that  of  A\s  dying  before  B- — twice  the 
chance  of  A’s  dying  before  B  and  A  ;  and  the  assurance  is  in 
a  similar  manner  made  up  of  the  assurances  on  the  like  con¬ 
tingencies  as  Messrs.  Morgan,  & c.  have  shown. 


Example  3.  If  K"  be  put  =1  — 


±J/  b 

b+x  c+x  , 

— —  x  1  —  -q- — ;  that  is 

b  c 


Jc+X  Lb+X  +  L|yll+1,  and  K'"= 


'a  +  x  .  , 

-r — , in  the  same 


Jb  c 

article  No.  2 ;  we  shall  have  the  contingency  of  A's  being 
the  last  which  fails  of  the  three  lives  =  —  fluent  of 
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.L 


.L 


^3-f-  x  *  ^a+x  x  ‘  :  b,  c  ’  i  i 

- - a_ - z_  j - - - —  ) ;  hence  the  as- 

b,  a  Lc,  a  La,  b,c  J 

surance  on  this  contingency  is  equal  to  the  assurance  on  A’s 

death,  assurance  on  A’s  death  if  survived  by  B,  — assurance 

on  A’s  death  if  survived  by  C  -|-  assurance  on  A’s  death  if 

survived  by  B  and  C,  as  Mr.  Morgan,  &c.  makes  it. 

Example  4.  If  K"=  1  — (1  —  ^  •  C1 - TT~)  anc*  K"' 

l  a 

=  we  shall  see  that  the  contingency  of  A’s  dying,  and 

a 

that  he  is  the  1st  or  2nd  which  dies,  is  equal  to  — the  fluent 
L 


a-\-x 


^“c+x  .  ^“b  +  x 

“T - r 


L  ,  . Lr ,  ■ 

c- f-x  b-\-x 


Hence,  &c. 


a 


b  c,  b 

Example  5.  If  A  is  to  be  the  second  or  third  which  fails, 

L 


by  taking  K"  =  1  — 


Jx:b,i 
Jb,  c 


namely,  the  chance  that  B  and  C 


are  not  both  living,  we  have  the  contingency  of  A’s  death 


=  —  fluent  1 


L  A  L  , 
x:b,c  a-\-x 


Jb,c 


Hence,  &c.  And  the  assur- 


a 


ance  equal  to  the  assurance  of  A’s  life  absolutely —the  assur¬ 
ance  of  his  life, on  condition  that  he  dies  first. 

Example  6.  If  A  is  either  to  be  the  first  or  last  to  die  :  then 

L 

is  the  chance  on  his  death  equal  to  —  fluent  of 


a+x 


(hi 

\  L, 


b,  c 


(1 


b,  c 
L 


+  1  ~ 


Jb+x 


1  — 


-r^—  )  =  —  fluent  of  L, 


]a+x 


b-j-x 


L, 


L  ,  L  ,  N 

c  +  x  ,  x:b,c 

-J~  2 


L 


Hence,  &c. 


b  ^  c  **  b ,  c 

'  - 

Example  7.  To  find  the  contingency  on  the  first  of  the  two 
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deaths  A  and  B,  provided  that  that  be  the  first  or  last  which 


dies  of  the  three  A,  B,  C.  Here  I  first  take  K" 


Jx’.b,e 

lT 

b,  c 


and 


and  K"'=  4+^  ;  and 


K'"=  ‘'+t ;  and  then  take  K"= 

Ju  Li  — . 

u  a,c  o 

I  find  the  contingency  =  —  fluent  of  (~j~  •  °  + 

.  V  a  u b 


Jb+x 


Lx  ■  <*>  c\ _ 

'  La,Cr 


fluent  of 


-“c+x  !  x :  a,  b\_ 


correction  — 


Jx :  a,  b,c 

tt: 

a,  b,  c 


+  fluent  of 


L  L  ,  . 

x:a,b  c+x 


.  Note,  the  word  correction  might 


~“a,  b  c 

have  been  omitted  by  considering  it  implicitly  contained  in 
the  word  fluent.  Hence  the  assurance  on  the  first  of  the 
deaths  of  A  and  B,  provided  it  be  the  first  to  fail  of  the  three 
A,  B,  C,  is  equal  to  the  absolute  assurance  on  the  three  joint 
lives,  less  the  assurance  on  C’s  life,  provided  he  dies  first : 
the  same  as  Mr.  Baily  makes  it  in  a  note  at  page  240  ;  by 
comparing  the  result  of  his  solution  with  a  former  solution ; 
but  I  should  observe  there  is  a  typographical  error  in  the  note, 
by  inserting  +  ABC  instead  of  —  ABC. 

Example  8.  If  the  first  of  the  deaths  of  A  and  B,  is  to  be 


the  second  of  the  three ;  in  this  case  taking  first  K"=  1 — 


b  •{*  x 


c+x 


+  1  — .  tltf.  and  K"'=  and  then  K"=  i 


a+x 


.  h±l  +  x  _  h±l .  and  K'"  =  -^±d, 


L  ,  we  get  the  contingency 

b 


=  —  fluent  of 


f  L 

{“E* 


L  .  Li  .  zL  1  ^ 

c+x  ,  o-j-x  x.b,c 

~L  •  TT  L,  , 

c  b  b,c  / 


+ 


Jh  +  x 
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( 


L  *  L  ,  zL 

,  a+x  x:a,c 

~L  r  “T - r - 


of 


a 

L 


c- f-x 


+ 


<*»  c 
L 


>  =  correction 

zL 


b  +  X  ‘  ^C- f-X 

Lr  .  L 
^  c 


x:h,  c 


Jx :  a,  b 

TT~7 

a,  b 


a+x 
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fluent 

zL 

x :  a,  c 


(  La+X 
v-  ■ 

*  "ITy  ’  an<^  t^ie  assurance  011  ^e  contingency  may  evidently 
b  ' 

bear  the  form  in  which  Mr.  Baily  has  put  it. 

Example  9.  On  the  death  of  the  last  survivor  of  A,  B  and 
C ;  provided  that  should  be  either  A  or  B  :  this  contingency 
in  a  similar  manner  from  the  proper  interpretations  of  K"  and 


K7",  is  found  immediately  =  —  fluent  of  (1  — 


.  1- 


c- \-x 


f  1- 


a  +  x 


.  1 


a 


—  fluent  of  1 - Cr~ 

c 


L.  ,  L  . 

,  b- Lx  a  +  x  , 

*(i - rr - r—  +  i 


—  ■  -£T  )=fluent0<1-T— 

a  0  /  c 


Ja  +  b ' 


c+x 


a 


1  — 


Jb  +  x 


Jc+x 


+  fluent 


of  — ( 1 - .  1 - Hence  the  assurance  on 


a  / 


this  contingency,  will  be  equal  to  the  assurance  on  the  longest 
of  the  three  lives  ;  — the  assurance  of  C’s  life,  provided  that 
Be  be  the  last  which  fails.  See  Example  3.  This  in  fact  is 
almost  evident  at  first  sight. 

Example  10.  On  the  death  of  the  first  of  the  two  A  and  B, 
provided  it  be  the  first  or  second  which  fails.  This,  as  Mr. 
Morgan,  &c.  observe,  is  on  the  extinction  of  the  joint  lives 
A  and  B  only,  &c. 
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Article  7.  I  shall  now  offer  in  the  same  order  as  in  Mr. 
Baily's  work,  some  other  questions  of  Mr.  Morgan's  papers, 
which  are  most  of  them  of  a  nature  in  point  of  solution  diffe¬ 
rent  ;  in  as  much  as  that  they  contain  in  my  method  double 
fluents ;  or,  as  we  have  reduced  them,  contain  fluents  multi- 

„  .  /  1 

plied  by  variable  quantities. 

Example  1 .  The  contingency  of  the  first  of  the  deaths  of  A 
and  B,  which  shall  be  the  second  or  third  which  happens  of  the 

three  A,  B  and  C,  will  be  —  fluent  of  ( 1 - ^ 

c  \  La,t  / 

•  •  • 

-f  fluent  of  f—[+1  fluent  of  — +  fluent  of  — 

V  h  -  c  a  )  a 

.  fluent  of  •  Since  the  first  part  is  by  Article  5,  No. 

c  '  0 

2,  of  this  Section  ;  the  contingency  of  the  joint  lives  A  and  B 
failing  after  C,  and  the  second  by  No.  5,  denotes  the  chance 
of  B's  dying  after  the  event  has  taken  place  of  A's  dying  in 
the  life  time  of  C:  and  the  third  denotes  the  chance  of  A's 
dying  after  the  event  has  taken  place  of  B  dying  in  the  life 
time  of  A;  and  independent  of  the  correction,  the  first  part  is 

•1  ~^x:a,b  n  .  r  +  x  '  (  ^  a -fx  ’  ^ b  +a’ )  i  * 

evidently  =  — T - !~  fluent  of  — 21 — ^ — - ;  the 


L 


second  part  is  = 


a,  b 
L 


Ja,  b,  c 


b-\-x 


L, 


fluent  of 


1 ,1  .  •  JLj  * 

c+x  a-\-x 


c,  a 


fluent  of 


^x:  c,  b  ’ 


a}  by  c 


o  x  ' 

and  the  third  part  is  equal  to  ■  r  fluent  of 


a 


^ c+x  ’  ^ b+x 

L  , 

c,  b 


L  .  .  L, 

—  fluent  of  — — Tgj  c - —  ;  and  the  sum  of  the  three  or  the 

a,  b,  c 

contingency  in  question  is  independent  of  the  correction 
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^“x:a,b  ,  n  ,  c  ’  ^“a  +  x  ,  ^a+x  n  ,  ~ 

= - j; - f-  — L  -- .  fluent  of - -  +  fluent  of 

a,b  b  c  a  a 


‘c-j-x 


Ja,  b 

h+* 


L  •  L. 

C  b 


and  here  it  is  evident,  that  when  the  lives  are  all 


equal,  the  contingency  will  become  constant  — 


x:  a,  a 


a,  a 


+ 


a-j-x 


x  constant 


+(■?)  ;  or  if  all  the  fluents  commence  with 

x  ==' o  it  is  1  —  (^iT^ - -  +  ^  •  But  in  other 

cases,  if  we  are  to  have  all  the  contingencies  commence  with 
£=0,  and  we  are  satisfied  with  the  approximation  that  when 
two  persons  are  dead,  it  is  an  equal  chance  which  has  died 
first,  see  note,  Art.  2,  Section  4,  we  shall  have 

£  +  1  hb  +  x  ,  ,  Lx:a,b  t  Lx:b,c  ,  ,  Lx:a,b,c 

L  liueill  01  -T-  .-r- —  —  2  — 7“  tl-i—  2  TZ  ~T  2  ],  r 


a 


Jb,  c 


and 


fluent  of  V* '  fo* 


1  a~^X 

2  L. 


c  b  ~a 

and  therefore  the  whole  becomes 

L 


+  2  L 


x:a,b 


a,b 

L 


L 

!  x\a,c 

2  “ 


J«,  c 


+  T 


JF  *  &y  ^ 


f 

■ 


x 

<> 


£+.r 


c 

L 


X 

2 


a  +  .r 


a 


J  X  •  by  C 
2 


L 

j  x  :  a,  c 
2  L 

a,  c 


+ 


*•  :  a,  b,  c 


1,  and  the  part  of  the 


J£,  c  a,  c  a,  by  c 

contingency  due  to  the  interval  between  the  times  nr  and  nr  +p 

_ L  x  _ x 

a-\-v-\-p  ,  7 r:b,c  ir-\-p:b,c  , 

T.  1  zL-  r 


13 - m - + 


a 
—  L 


by  C 


^v:a,c  L7r+/>:a,c  b,  c  ^n+p,  a,  b,  c  TT  , 

- - l - — - - - — - — -  .  Hence  the  assur- 

a,c  ^a,b,c 

ance  of  one  pound  on  the  contingency,  in  case  the  event  should 
happen  between  the  times  n — p  and  m  ;  to  be  paid  at  the  first 

I 


Ja}b,c  J 
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of  the  equal  periods  p,  from  n — p ,  after  the  event,  provided 

r  t  r 

- -  'Wl  w, 

p  p\  p\ 

it  be  not  beyond  the  time  m  is  .  n  b  +  T  »  \a  +  i  n\b,c 

m  —  m  ■—  m  1  ■  — 


a,  c 


P 

n 

m 


a,b,c\  that  is  half  the  sum  of  the  assurances 


m 

for  the  term  on  B’s  life,  on  A’s  life,  on  BC’s  joint  life,  and 
on  AC’s  joint  life the  assurance  on  A,  B,  C's  joint  life  for 
the  term  :  on  the  supposition  that  if  two  persons  are  both  to 
be  dead,  in  a  certain  time  less  than  their  possible  time  of  joint 
existence,  it  is  an  equal  chance  which  is  the  survivor;  our 

theorem  therefore  only  goes  to  that  term  ;  after  this,  by  con- 

L  ,  L,  L 

suiting  the  formula,  constant - - 1 — r-~~  -  A116111  °f  * 

^  a,  b  '  0  <; 

«  • 

L  L  '  L  L 

•  "l+T  d — TT~~  fluent  °f  ~TT~  •  we  hod  that  if  C  be  the 

one  which  must  of  necessity  die  before  the  extreme  age  of  B 
or  A ;  and  if  there  is  a  possibility  of  his  living  as  long  as  x  is 

less  than  u. ;  we  shall  have  L  ,  —0:  and  the  fluents  of 
“  • 

and  —7—  .  — — ,  after  that  time  equal  —  g  and  _  h 


L.  l  , 
a+x 

L 


c  a  c  ~b 

if — g  and  —  h  be  the  values  at  that  time;  after  that  time, the 

L 


contingency,  is  constant- 


Jx:a,  b 


Ja,  b 


—  g 


^b- i~X  7  •  r> 

- - h.—, — ;  if 


a 


a 


the  whole  assurance  be  required,  find  the  whole  value  whilst 

r  r  r 

m  is  not  greater  than  p,  to  which  add  p\«>b  g  p\b  h  p\b  • 

But  if  A  be  the  oldest,  and  there  is  a  possibility  of  his  living  as 
long  as  x  is  less  than  ju,but  not  longer ;  use  the  theorem  as  long 
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as  m  is  less  than  ;  if  the  whole  assurance  be  required  :  and 
observing  that  when  xis  equal  to,  or  greater  than  that 


a  +  x 


.  fluent  of  — 7— ■* .  ~+x  is  =  0  ;  and  that  fluent  of  ~+x . 


L  •  l 

c  a 


will  be  ==  —  g ;  if — g  is  its  value  when  x  =  we  shall  find 
the  contingency  after  that  term,  that  is  when  x  is  greater 

L, 


than  (x,  =  constant — g -~j»x  ;  and  ...  the  remainder  of  the 


assurance  will  be  =  g  .  p\b  to  be  added.  I  do  not  state  the 

case  of  B's  being  the  oldest,  because  it  is  only  necessary  to 
write  a  for  b  in  the  last  case  to  have  this. 

If  we  should  not  be  satisfied  with  the  approximation  de¬ 
duced,  by  assuming  the  equality  of  chance  above  named, 
during  a  long  period,  we  have  only  to  divide  the  period  in 
shorter  periods  to  attain  any  accuracy,  being  careful  pro¬ 
perly  to  correct  the  fluents. 

The  theorem  I  have  just  given  for  a  solution  to  the  pro¬ 
blem  in  question,  is  so  much  more  simple  than  the  solutions 
I  have  seen  to  this  problem,  that  I  think  it  proper  to  inform 
the  reader,  that  the  cause  will  be  understood  from  Art.  6, 
Section  3 ;  and  that  no  fear  may  be  left  in  using  the  Theo¬ 
rem,  I  shall  point  out  the  connection  between  this  solution  and 
that  given  by  Mr.  Baily,  and  I  shall  for  the  easier  comparison 
denote  L.,  L/;,  L  ,  by  a,  b,  c ;  La+n,  Li+n,  Lc+x  by  a,  b,‘  C; 

and  L„+„+,.  L«+„+,.  L c+n+l  by  a",  b",c";  and  as  the  con- 

tingency,  that  the  event  takes  place  before  the  expiration  of 
72+1,  years  will  be  found  by  writing  n  for  x  in  the  formula, 


6o 
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constant - fluent  of 


L  *  » L  , 

c+x  a+x 


fluent  of 


Ja,  b 
“c-f  x  *  ^b- f -r 

Lc  *  Lb 


+ 


a+M 


;  we  find  this  value  under  the  idea  of 


'  b'  .  b ' 


constant  decrements  for  the  whole  term  to  be  i  —  +  b 

l  i  ac  .  i  c.af  i  c'a  .  i  £V\  ,  ,  V c 

*  V  2  ac  2  ac  2  ac  2  ac  ]  *  a  ^  2  6c  2  be 

t  c'h  x  T  b'c'\  _  .  g'B'cf  ±  V  __  I  ih'c'  *a'c' 

2  be  2  3 ,  c  /  *  a6c  2  6  2a  2  6c  2  be  ’ 

and  under  the  same  hypothesis  of  the  constant  decre¬ 
ments,  during  the  whole  time  n-\- 1,  we  have  the  corre- 

a"  lu  ra  b"  n"  l1'  c" 

spending  contingency  1  +  - T~^1T 

;  and  the  excess  of  this  above  the  contingency  for  the 


a"  c" 

“ 


.  6'— 6"  , 

term is  i— j — [ 


a  —a 


,  b'  c'—b"  c"  , 

H - - r 


a'c'—a"  c" 


a '  b'c'—a"b"  c". 


2a  c 


2a  c 


6  *  2  a  *  26  c 

the  same  except  in  notation  as  before,  as  it  should  be ;  the 
difference  of  the  operation  only  being  in  the  notation.  But  if 
v/e  only  consider  the  uniform  decrements  to  reach  to  the 
period  ft,  and  then  during  the  next  year  take  proportional 
decrements  during  the  year,  we  shall  have  the  fluent  of 


L  a  •  L  . 

c+x  a  +  x  .  (iq  *  j  i/i 

T  ;~l~  answering  iax  =  n  +  l,  =— I-  -  +  i  - 


ca' 


c '  a 


ac 


+  —  t  ~  +  i~.  See  Art.  6,  Section  3 ;  consequently 

the  value  of  ■  .  fluent  of  ***  L--—  answering  to  x=ft-{-i 

6  C  *  0 

; _ x  t"  ,  x  ,  6"  c'a"  xa'b"c"  ,  a"6"c" 

— ’  2  6  “r  2  ab  2  b  c  *  2  a6c  2  i 


a'c" 


c"  a" 


a  be 
\« 
L, 


2a  3  c  9 


the  corresponding  value  of  fluent  -  will  be 
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— — jl  j_  a "  ^  i_  c'  a"  |  !  a"  c1  b"  t  a"  h '  c"  ,  a"  b"  c" 

*  a  ~T  >  ab  ca  ’T  2  ~c  T  117“  + 


'x:a,b  a"  b" 

Z~7T- 


za  b  c 


Hence  vve 


and  the  corresponding  value  of  —L-a’ b 

rt,  b 

have  the  contingency  on  this  hypothesis  due  to  n- J-i  years 

=  t  _ a^_ _ L  x  «"  i  a'  b"  .  j  a"  b' _  t  c'  b" 

ab  2  b  2  a  ^ "  3  a  b  *  2  a  £  2  b  c 


1  cr  a i" 

2  ac 


*a"b"c'  a'b"c"  a"b'c"  ,  a"  b"  c"  ,  .r  ^  ,  r  .. 

+  TTr - - - —7 - h  —7 —  ;  and  if  we  take  from  this 

aoc  2a b c  zabc  1  abc  7 


the  chance  of  the  events  happening  in  n  year,  the  remainder 
will  be  the  chance  of  its  happening  during  the  interval  be¬ 
tween  n  and  n-\- 1  years;  and  will  come  out  evidently 


2  a 


.  br — b"  .  a'b"-\.a"b' — 2a"  b"  ,  — za'b'+a'b — ab" — a"b-\-ia"b"  cf 

i”  2 a  b  2 a  b  c 


2  a  b 


— -+ a  1  h  2a  1  •  — .  And  if  we  consider  Mr.  Baily's  a\  b ',  c' ; 

za  b  c  7  7  7 

a",  b'\  cn  to  refer  to  the  nlh  and  n+ 1*  year,  and  collect  his 
ist,  2d,  gd,  5th,  6th,  8th,  9th,  and  12th,  contingencies,  we 

shall  find  them  amount  to  1 b-~  -(-  — .  fb —  c-ztt\  ; and 


\  2 b  •  c  *  lb  -  2 be 

collecting  the  remaining  terms  which  are  4th,  7th,  10th,  11th, 


a"  C " 


a  c 


b'—b" 


j  „  .1  i  ,  •  bf — b"  la+a  |  a — a '• — a "  c 

and  13th,  we  obtain  —7—  — 1 : — - .  — 

u  7  b  \  za  1  2a  c 

q*  & II 

— —  ;  and  if  these  two  be  added  together  we  shall  obtain 


the  above  expression. 

Example  2.  On  the  contingency  of  the  first  of  the  deaths 
of  A  and  B,  which  shall  be  the  first  or  last  of  the  three  A,  B, 
C.  This  will  evidently  be  the  sum  of  the  contingencies,  of 
the  joint  lives  discontinuing  in  C's  life  time;  that  A  dies  after 
B,  C  having  died  before  B  ;  and  that  B  dies  after  A,  C  having 
died  before  A  ;  therefore  by  Art  5  of  this  Section  it  is  =  — 

fluent  of  ~j~+-  (  +fluent  °f  f- fluent  of  (1^ — 

C  V  <1,  b  J  \  C  J 


Mr,  Gompertz’s  analysis  applicable  to  the 
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+  fluent  of  fluent  of  ( 1 - but  con- 

sidering  all  the  fluents  to  commence  with  x  =  0,  the  second 

L  -  /L“1  Lc+ v  Lb+xy^ 


term  is  =  fluent  of'j 


a+x 


L-  1 

b+x 


^fluent  of 


/L 


and  the  third  term  is  =  fluent  of  ( 


5+x 

v 


■—^*—1 — fluent 

a 


of  anc*  t^eref°re  tile  sum  of  the  two  ==  fluent 

of  (-IT  '  “E7)  ”  fll,ent  of  (“V  fluent  of  “Ef  •  “T7)) 


-|-  fluent  of  -■  h+x  fluent  of  — - 

c 

Tj5+x 


Jb-\-x' 


+  1  - 


Ja+ x 


-f- 1 - ■£-  ;  and  the  whole  by  comparison  with  the  com- 

b 

mencement  of  the  last  example  ;  if  the  fluents  are  to  be  cor¬ 
rected  in  a  similar  manner  to  vanish  with  x=o  shows  imme¬ 


diately  that  1  - 


Ja+x 


+  1 


J6+x 


L  -[-x  —  L - that  value  is  equal  to 

a 

this;  and  therefore  that  the  assurance  of  the  contingency 
here,  is  the  excess  of  the  sum  of  the  assurances  on  A’s  life 
and  on  B’s  life  singly,  above  that  :  this  agrees  with  the  inge¬ 
nious  Mr.  Milne’s  observations  on  page  232  of  his  work  on 
Assurances  ;  and  therefore,  according  to  our  solution  of  that 
case,  we  have  during  the  possible  joint  existence  the  value 


2  •  W 
m 


a  -f  T  •  n 


m 


JL 

2 


P 

n 

m 


l,  c 


1 

T 


P 

n 

in 


a,  c  — J-  n 


in 


a,b,c,  and 
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beyond  that  term  the  process  as  in  the  last  example.  This  is 
according  to  the  hypothesis  of  equality  of  chance,  so  often 
mentioned  and  used  by  Mr.  Morgan,  &c. 

Example  3.  On  the  contingency  of  A's  dying  after  C  in 
the  life  time  of  A.  This  should  come  in  the  last  article,  as  it 
does  not  involve  the  double  fluent,  but  is  given  here  not  to 
interrupt  the  order  in  which  I  have  taken  my  examples :  the 

solution  is  —  fluent  of  — f r  •  1  —  — iti  •  and  is  the 


a 


a 


chance  of  A's  dying  in  the  life  time  of  B,  —  the  chance  of  A’s 
dying  in  the  life  time  of  both  A  and  B.  Hence  the  assurances 
is  determined  from  those  cases,  as  Mr.  Baily  has  done  page 
273- 

Example  4.  On  the  contingency  of  A's  dying  last ;  on  the 
condition  that  C  dies  before  B.  This  will  evidently  be  fluent 

of  — ' (fluent  of  (1 - Tr~>)'— =  if  all  the  contingen- 

a  J  J 

cies  are  supposed  to  commence  with  x  =  o ,  and  the  fluents  be 

'  /  i‘a+x  hi+x  i* 

corrected  to  vanish  with  x  =  o,  fluent  of  f  -f— — ^ - 

\  a  q 


a-\-x 


(l-\~  X 


.  fluent  of 


^c+x  ^“b+x 


^  ==  1  —  -ft*  +  fluent  of 


L  ,  L,  .  L  . 

a+x  l+x  a+x  „  .  c 

—7—  .  — — - —  fluent  of 

a  b  a 


JB  +  x 


hc+x  hl+x 


fluent  of 


x:  a,  c 


a,  c 


;  and  the  manner  of  obtaining  each  of  these  fluents  has 

D 

been  already  delivered  ;  and  thence  may  the  assurances  be  de¬ 


termined.  If  we  originally  in  the  expression  fluent  of  1  — 


Jc-\-x 


^4 


Mr.  Gompertz's  analysis  applicable  to  the 


‘l  +  x 


,  which  we  will  suppose  to  commence  with  x ,  write 


its  approximate  value  —  (1 


Jc+x 


x)(l- 


'b+x' 


1_ 

2 


.  T  Lc+x  j  Lb+x 
*1  2  T,  I”  2  T,  ' 


L  , 

I  c+ X 


'b  +  x 


L  ;  we  get  the  contingency 

b 


=  — ~  ^—^7—  —  1 )  +  i  fluent  +  t  fluent  of 

( 


Jb+x  a+x 


4-  fluent  of 


J c+x  •  ^b+x 


an  approxi- 


'b  a  J  c  ^b  Wz 

mation  during  the  term  of  joint  existence  of  B  and  C;  and 

hence  the  method  of  finding  the  assurance  for  that  term  ;  for 
each  part  is  evident  from  what  has  been  shown  ;  and  how  to 
proceed  beyond  that  term,  will  be  evident  by  considering  the 
accurate  fluent.  But  this  last  method  throws  the  approxima¬ 
tion  on  the  whole  value. 

Example  5.  On  the  death  of  A,  provided  he  be  the  first  or 
second  of  the  three  A,  B,  C ;  and  provided  C  in  the  latter 

L  , 

case  dies  before  B.  This  contingency  is  =  —  fluent  of  —  --  - 


‘b+x 


‘c+x 


‘b 

L 


of 


b+x 


•fluentof(i 


'c+x'' 


‘b+x 


=  —  fluent 

a 


jy—J ;  and  the  assurance  is  the  same  as  the  as- 


a 


surance  of  A’s  death,  on  condition  that  he  dies  before  B  ;  as 
Messrs.  Morgan,  &c.  makes  it  This  does  not  contain  the 
double  fluent  or  the  variable  quantity  multiplied  by  a  fluent, 
and  therefore  may  be  considered  out  of  its  place. 

Example  6.  On  the  death  of  A,  provided  he  be  the  2d  or 
3rd  that  fails  of  the  three  A,  B,  C ;  and  provided  C  dies  be- 
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^c+.A  ^b+x 


b  ' 


fore  B;  this  is  =  —  fluent-  of  -  x  |(i  - 

^  =  fluent  of  (fluent  of 


—  fluent  of  1 


L  ,  L,  . 
c+x  b+x 


Lb+x  Lc+ 


-*"\\  _  La+x 
,  ))  ~~  La 


fluent  of 


J-j-I  C-f  J 


fluent  of 


L  £  l  , 

x‘.a,b  c-\-x 


,  and  each  part  has  been  already  treated  on. 

a,  t>  ~c 

Example  7.  On  the  death  of  A,  provided  he  be  the  first  or 
last  which  fails  of  the  three  lives  A,  B,  C;  and  provided  C  in 
the  latter  case  dies  before  B.  This  is  evidently  =  —  fluent 

— fluent  (1 

\  a  C  c 

L 


of 


Lc+x  \  Lt+x 


Jt+X  f  x:lyC 

L  L, 

a  L  c 

/  ^“x :  b, 

\ 


b+-  +  X  +  fluent  of  ~~~- 


=  —  fluent  of 

L,  , 

0-f-  X 


fluent  of 


c  +  ,  n _ ,  rf^‘a-\-x 


+  fluent  of  .  -iff - - 


a 


a 


.  fluent  of  — •  -~r--  +  fluent  of  — ;  .  and  keach 


c  b  ^a,c 

part  has  been  already  considered. 

Example  8.  On  the  death  of  the  longest  of  the  two  lives 
A  and  B,  provided  they  be  the  first  which  fail  of  the  three 

L 


A,  B  and  C ;  this  is  evidently  fluent  of 


c+x 


.  1 

L 


‘b+x  O  =  _  fluent  Qf 


■  fluent  of  ■ 


a+x 


"I 


b  J-x 


-{-  fluent  of  ( -  — ^  .  ~~'x~  \  — c~~;  and  the  assurance 

\  a  Jb  J  c 


I 

K 
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Mr.  Gompertz’s  analysis  applicable  to  the 


is  the  sum  of  the  assurances  on  A  if  he  survives  C,  and  on  B 
if  he  survives  C  —  the  assurance  on  C  if  he  survives  A  or  B. 
This  agrees  with  Mr.  Baily's  deduction.  Note ;  for  fluent  of 

/  ^“a+x  '  ^c+x  .  ^“x-.afbyC  a  ^  r^“x:a,  b 

1 - -  )  —r —  we  may  write  -j- - fluent  of  -j- - 

)  c  ~  ^ a ,  b,  c  n  a,  b 


L  .  L, 
a  b 


c4-x 

.—j- — ,  whence  &c.5  and  this  not  containing  the  fluent  multi- 

plied  by  a  variable,  may  be  considered  out  of  its  place. 

Example  g.  On  the  longest  of  the  two  lives  A  and  B,  pro¬ 
vided  they  be  the  last  that  fail  of  the  three  A,  B,  C.  This  is 

•  — '  '  ■  MM-  •  • 

fluent  of  fluent  of  (1 — _£+£  ^  .  b+x  _| - fluent  of 

La  '  Lc  Lb  >  Lb 


L.  .  L  ,  r  L  _  .  /  L 

a  +  x 


£±±  t  a±x  |  =  fluent  of  - 


c 

L 


( _i±£  —  i  —  fluent  of 


a 


+  4±f  (-2+1  _  fluent 

hc  hb  J  hb  \  La  Lc  La  J 


correction 


a-\-x  b+x  .  x:a,5  n  c  /  ^a- fx 

- r - r—  +  t - fluent  of  -r— 


a 


.  fluent  of  c+*  — — ^  —  fluent  of 


V  L* 

L  ,  L,  .  L  r 

a+x  b+x  ,  x:a,D 

—  correction - ^ - ? - - ; - 

La  Lb  La,  b 


a,q  \  a 

b+x  fluent  0f 


Ja+x 


a 


^c+x  ^ b+x 


‘b  ) 


\  ^b+x  ,n  .  r  ^c+x  ^a- fa? 

\  —  — —  (fluent  of  — L  .  ■ 


r)  + 


fluent  of 


fluent  of 


L  ,  /  LX 

c+x 


^  and  we  may  write  for  fluent  of  "x+*^  l  j 
its  equal  ■  ■c  —  fluent  of  (  )  and  each  part,  as 


Ja>  b,  c 


Ja,b 


V 
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well  as  the  assurance  on  each,  has  been  already  considered. 
But  if  we  use  immediately  for  the  approximation  of  the  fluents 

of  1 - .  -h~  x-  and  of  1 - pi- .  -4+x-,  when  those  con- 

Lc  Lb  Lc  La 

tingencies  are  meant  to  commence  when  x—o,  and  not  to  last 
longer  than  the  possible  joint  continuance  of  life,  the  approxi¬ 
mations  so  often  named,  which  are  respectively —  “  +  -7 


+  2  —  i  ^x:ifc  and  2  +  »  La+x  +  iLc+x  — jLx:a  e 

our  formula,  independent  of  the  above  reduction,  will  become 


fluent  of 
L 


a  +  Z  .  b+x'^a  +  x  . 
|  zLf  +  2  L.  -  *T.  »~ 


j  i  »  2L 
0  a 


L  t  .  L  .  L  t 

x  c  +  x  a-f  z  y  x :  b,  c 

2  r  I T  2  L 

c  a 


a+x  .  La+x  'L6-fx  .  j  ^ c+x  Lb  +  x 

2L7  •"  2L  TT>  L~  *  L, 

0  a  b  c  b 


b,  c 
L 

x  x  :  a,  c 
T  l 

a>  c 


Jb+x 


}= 


.•  .  ^“a  +  x  y  ^b+x  .  .  ^ x:a,b  ,  . 

correction  —  £  —7 - £  — - b  i  — L"  +  i 


2h, 


fluent  of  ( — 


L  .  .  L  , 

c+x  a- fx 


L  .  L 
c  a 


—  +  £  fluent  of  f 


Lc+x  Lb+x 


a ,  6 

—  t  fluent 


of- 


L  .  /L 
x-f  c  /  x:a,  0 


^ c  \  a,l  / 

mation  on  the  whole  term. 


.  But  this  last  method  throws  the  approxi- 


I  may  observe  that  the  first  method  will  resolve  itself  into 


correction  — 


Ja  +  x 


Jb+x 


+  fluent  of 


j  •  /  1  /  j  > 

c  +  x  f  x:a,b 


"a,  b 


_ contingency  of  Example  1  Art.  7  of  this  Section,  and  the  as¬ 
surance  will  in  consequence  be  the  assurances  on  the  single 

* 

lives  A  and  B  together  ;  —  the  assurance  of  that  Example  ;  — 
the  assurance  on  the  three  joint  lives  A,  B,  C  ;  +  the  assurance 
of  C’s  life  provided  it  fails  before  A  and  B.  The  last  two 


68  Mr.  Gompertz's  analysis  applicable  to  the 

expressions  of  this  formula  are  derived  from  the  resolution  of 


fluent  of 


Jc+x 


x  f  ^ x:a,b\'  . 

'  (-7)  1 


L  ,  L  , 

.  ,  x:  a,b,c  n  c  x:  a,  b 

into  - fluent  of  — j- — 


o>  c 


a,  b 


Example  10.  On  the  death  of  the  longest  of  the  lives  A 

and  B;  provided  they  be  the  first  and  last  of  the  three  A  B 

•  —  — 

L 


and  C.  This  is  fluent  of 


aJf-x 


fluent  of  (1 


^6  +  x  ^c+x 


) 


fluent  of  ( 1 


^a+x  k  c-\ - 


—  1  —  fl  uent  of 


L6+x  Lc  +  x 


-•)} 

)  +  fluent  of 


fluent  of 


Ja  +  x/ 

h*  K 


— -  1 


fluent  of  - 


L  ,  L 
a+x  c  + 


c+x\ 

LJ“ 


=  correction 


<*+X 


Jb+z 


a 


+ 


fluent  of  +  fluent  of  -c+*- .  —77— 

c  a  c  h 

•  • 

^6- \-x  ^c-\-x  ^Z>+x  n  .  r  ^c  +  x 

- L - L— fluent  of  —  •  —  • 

b  c  0  a  c 


a+x 


fluent 


of 

L 


2  fluent  of 


x\a,b  c+x 


Ja,  b 


Example  11.  On  the  death  of  the  longest  of  the  lives  A 
and  B;  provided  B  dies  before  C.  This  is  fluent  of 

-  fluent  of ( x' _  h+L 


^fluent  of 


fluent  of  fluent  of 

V  Lc  H  J  \,c  h  J 
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-  fluent  of  +  fluent  of  .  Lj+I 


a+x 


Jb  “a,  c  ^b 

^  *  • 

.  fluent  of  l  —  Tc+*  .  — —  fluent  of  — 


L, 


(”  L  *  Lr  y  -  L 

\  c  b  J  c  b 

Note.  This  result  may  be  obtained  in  rather  a  more  simple 

manner  ;  for  the  chance  depends  on  the  two  events  ;  namely, 

that  A  shall  be  dead,  and  that  B  dies  whilst  C  is  living ;  the 


former  is  1 


;  and  the  latter  is  —  fluent  of 


^ b-j-x 


a+x 

L  ’  .  .  L  *  L, 

c  b 


and  the  rectangle  of  the  two  gives  the  expression  above. 
Example  12.  On  the  death  of  A  and  B,  provided  another 

(-1  — 

•  C  —  I  ■  .i  ■ . .  I  ■  rn  — > 

L. 


lifeC,dies  before  B.  This  is  fluent  of(  — ^ x  fluent  of  (1 


c- {-# 


a 


i±£\  _  fluent  4±-'.i 


a  -4-x 


— -  fluent  of 

a 


( 1  - -r1  •  -cr)  -  fluent  of  (>-  ^ 

c  b  J  c 


L  ,  L  r  , 
a- f-x  b+x 


) 


L 1  ,  L  .  L»  L  . 

r%  ^  r  °  +  x  a  +  x  b+x  .  a+x 

—  fluent  of  -T— .  x - 7—  .  x - =  x+T3- 


Jb+x 


-  _  till  fluent  of 

U a  ^ a 


C-\-X  L'b+X 


+  fluent 


Jb+x 


.  If  the  contingencies  begin  with  x. 


There  are  some  observations  to  be  made  on  the  manner 
we  have  corrected  the  fluents ;  and  also  on  the  manner  of 
calculating  without  the  usual  tables,  for  which  consult  the 
Scholium. 


Mr.  Gompertz’s  analysis  applicable  to  the 


Scholium. 

i  • 

As  the  Tables  calculated  for  the  valuation  of  annuities  or 
yearly  incomes  may  be  serviceable  for  the  valuation  of  in¬ 
comes  payable  at  less  periods,  it  will  be  proper  to  show  how 
the  value  of  such  Incomes  depend  on  each  other ;  and  also  to 
show  how  to  compare  the  value  of  assurances  on  lives,  when 
the  sum  assured  is  to  be  received  at  some  one  of  a  number  of 
periods  which  is  to  happen  after  the  death,  reckoning  from  a 
fixed  period,  with  the  value  of  the  assurance,  if  the  sum  is  to 
be  received  at  a  given  distant  time  from  the  death  ;  for  in¬ 
stance,  what  is  commonly  called  the  assurance  of.£i.  on  a 
life,  is  the  value  of  one  pound  to  be  received  at  the  first  anni- 
versary  from  the  payment  of  the  premium,  which  shall  hap- 
pen  after  the  death ;  but  it  is  not  the  value  of  one  pound  to 
be  received  at  the  death;  and  it  is,  as  will  appear  farther  on, 
very  nearly  the  value  of  one  pound  to  be  received  a  half 
year  after  the  death  shall  happen. 


Art.  1 .  Problem.  Given  n 


L 

v 


m 


a,byC,Sec.  to  find  n 

- m 


a,  b,  c,  &c.  x_l  nearly, 

- p 


being  a  whole  number,  and  p  a  small  period  ? 

r 


r 

Solution.  We  shall  have  h 

m 

r  •  r 


n+p 

n  +  2p—$ 

* m  ^m:a,b,  c,  & c. 


a,  b,  c,  8cc.  +  n  +  2p 
- n+3p—q 


a,  by  c.  Sec.  =  n 

- n  +  p  —  q 

r 


a,  b,  c,  Sec.  -j- 


a,  b,  c,  Sc c . . — p 

- —  m — q 


a,  b,  c>  &c.  -j- 


rm  . 


Ja,  by  c.  Sec. 


But  considering  that  during  the  whole  of 
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any  small  interval/),  that  the  living  corresponding  to  time 
which  are  in  arithmetical  progression,  are  in  geometrical 


progression.  (See  Section  3,  Art.  2),  i 

n~\-p — q 

k<ar+/> :  a,  b,  c,  Sec. 

L  1— rf  .  —r - 

:  a,  b,  c,  Sec.  w:  a,b,c,  Sec 

be  =  r  .  — r - x - ? - *-L-± — 


a,  b,  c,  Sec.  Will 


Ja,  b,  c.  Sec. 


1 — r*. 


jTr-j -q  :  a ,  b,  c.  Sec. 


;  but,  by  the  hy¬ 


pothesis 


Jir-\-q  :  a,  b,  C,  Sec. 


J  it :  a,  b,c 


it:  a,b,  c,  Sec. 

~‘it+p :  a,  h,  c.  Sec. . 

^it :  a,  b,  c,  Sec. 


;  consequently,  if 


I  t 

,  *  w+p :  a,  b,  c.  Sec.  7  l  n  u  ? 

\ve  put  rp  .  -7 — - =  1 — k,  we  shall  have  *■ 


"V  :  a,  by  cy  Sec. 
it  ^<jc :  a,  by  c.  Sec.  i — k 

—  r  .  -7 - x - 


7 r-f  p — q 


a,b,  c,  Sec. 


it :  a,  by  Cy  Sec.  ^  ^  /;)  * 


■.  Here  k  is  generally  very 


small  ;  and  if  in  the  developement  of  1  — k]p  ,  we  are  satisfied 
with  retaining  only  the  first  and  second  powers  of  k ,  we  shall 


have  l 

it  -\-p — a 


ciy  by  Cy  Sec. 


v  tr  :  a,  b,  c.  Sec. 

r  .  i -  x 

a,  by  c,  Sec. 


q-q  .  q—p  .  ^ 
p  p  2 p 


L 

1 


it  u n :  a,  by  Cy  Sec.  ,  p — q  tN  •,  p  it  it:  a,  b,c.  Sec. 

r  - x  ( 1  —  ~^T  •  A). nearly ;  =f  r  .  -L- - - 


J a,  by  0,  Sec. 


Ja,  by  c,  Sec. 


IP  +  q  .  P—9  ,  1\  _  P  +  q  J  it -a,  by  c.  Sec.  ,  p—q  *+/> 

+  *  •  +  »?  -r  • 
L* 

■■■ *+P-a,b,c >  &c-.  Hence,  if  we  interpret  tt  successively  by  n, 

a,  b,  c.  Sec. 

n  +/>,’  ^  +  &c-  m — /b  we  shall  get  as  an  approximation 


from  the  above  value  of  « 

m 


a,  b,  c,Sec.,  n 

- -  in 


a,  by  c,  Sec.  .  _L  =  fP  +  q 
- -  ^  \  2^> 
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ti  n  :  a,  b,  c,  Sec. 

1  *  Yj 

a,b,c.  Sec. 


i  P— 1  ..n+P  ‘Jn+p:a,i,c,&c.)  ,  lp+j  Jt+p  T 

+  “•'  -"l  -r77TJ+\^p-r 


p — 9  n  +  2P  n  +  zp:  a,  b,  c,  Sec. 

2P  L a ,  by  Cy  Sec. 


Ja,b,  c,  &c. 

Ip  +  q  m — p  k m — p:a,b,c,Se c. 


I  2P 


Ja,  b,  c.  Sec. 


,  p — q  jn  ^“m :  a,  b,  c.  Sec.  \  .  p  :  a,  b,  c.  Sec.  P+9  n  :  a}  b,  c,  8cc , 

i~~7p~-r  *  l  :  :  J  +  t*~  —  *r* 


'  a ,  by  Cy  Sec. 


& y  by  Cy  ScC* 


zp 


CLy  by  Cy  SeC* 


+ 


J a ,  byC,  Sec. 


X  (  1  •  L n+p  :  a,  b,  c.  Sec.  “f"  ?  ^  P  •  L n+zp :  a,  by  c.  Sec. 


m  P — 9  ^m:  a,  b,  c.  Sec. 


,  m  y  \  m  p — q  m : 

+  r  •  m:a,i,c.Scc.l  ~  r  •  2 p  • 


•  P  +  f  •  ^Jn:(ItblClScc.  *  P  *1 '  :  a,  b,  c,  See. 


zp .  L 


a,  by  c.  Sec. 


+  P 

*  n+P 


m 


a y  by  Cy  Sec or 


— r-^ — - -  .  (  V n  .  L n :  a>  lt  c>  Sec.  "1“ J  ™  Lm ;  a,  b,  c,  &c.)  “j"  « 

2pLja,b,  c,  Sec. 


m 


a,  bt  c* 


As  a  particular  example,  if  we  take  tz  =  o,  m  infinite,  p~  1, 

r  r 

q  =  ±,  we  have  r  a,  b,  c. .  \  =  -J  +  TL  b,  c.  Sec.  nearly,  and  there¬ 

to  -  1 1 - 


fore  l.\a,b,CySec. .  T  —  nearly  J  —  {  r 


,  J  \  •  a>  h>  c 


Ja,  by  c 


+  I  \d)  by  Cy  Se c«  ^ 


Jt  •  /»  J)  /* 

(or  because  r2  ■  £ '  *  *  — '  differs  but  little  from  unity)  nearly 

dy  by  Cy  Sc C* 

r 

equal  to  £•+  Y  a,b,CySec. :  that  is  an  income  of  half  a  pound 


payable  half  yearly  on  the  joint  lives  of  the  ages  a ,  b,c ,  &c. 
is  nearly  equal  to  ^  of  a  pound  +  the  life  annuity  of  one 


pound  on  the  same  lives.  I {  qz=z+  we  have  'T 

4 

r  r 

+  T  a,i,c,kQ.  nearly  ;  and  j 


r  .  JL - X 

C,  &C.  •  4 - -  8 


r  ir  T  i  Lr;a,  b,  CySeC. 

UybyCySe  c.‘4  —  8*~4r  •  L  A  & 

df)  Cy  Cy  wCo 
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a,b,  c,  Sec. 


r  r  r 

+  'll*,  c,  &c.=f+7  a,  b ,  c,  &c.  nearly;  and  similarly  is  ^ 

I  I  — -  I -  o 

r 

. 0  =  2  +  nearly;  that  is  a  momentary  income, 

i - 

which  in  a  year  certain  without  interest  would  amount  to  one 
pound,  will,  if  it  is  to  be  received  on  the  joint  lives  a ,  b,  c ,  &c. 
reckoning  interest,  be  worth  £  +  the  life  annuity  of  one 
pound  payable  on  the  joint  lives  a,  b,  c ,  &c. 


q 

Art.  2.  Moreover,  because  (Art.  3,  Section  1)  n 


it y  by  Cy  SeC. 


r 

''IT 

~  n—i 

in — q 


a,  by  c ,  Sec.  •  V 1  —  w 

- m 


r 
9 

a,  by  Cy  &C.  -  M 

- 


<7,  by  c,  Sec.  .  r?  +  T n  .  - 

- -  Ua,  b,  c,  &c. 


—  r 


w  +  q  m:  a,  b,  c,  &c 


*  L 


9 

—  « 

c,  &c. 

r 


L  .  .  -rm  +  ?.  L 


......  _ ,-n  n—q:a,b,c,& c. 

df  Oy  Cy  UC«  r  »  •  ‘  -  -  - — - — 


m  :  a,  b,  c,  &c. 


J a,  by  0,  &c. 


q 

- — (1 — r?)  x  n  a,  b,  c,  kc. ,  it  is  therefore  from  above  = 

m - - - 


r 


n 


— q  :  a,  b,  c,  Sec 


-  rm+1.  L 


Vw-f  ? 


a y  by  Cy  Sec. 

r 

,  T 

T  n+pa,b,c,&. c. 

m - 


:  a,  6,  c,  &c. _ /j _ fl\lL  «f  +  :q,b,c.  See.  r  ^m:a,b,c,Secm 


"'a,  c,  &c. 

If^=i,  q=o,  n=o,  m  infinite,  since  1 — r* 


r 

will  be  equal  to  q  hyp.  log.  of  A  we  shall  have  VL  3,  c,  &c.  = 

r  (J  I  .  I.—  - 

nearly  1  —  ^hyp.  log.  of  A —  hyp.  log.  of  A  x  Tla,b,c.&c,;  and 

r  r  1 1 - 

■  ■  — 

if  for  —  hyp.  log.  of  A0r  its  equal  hyp.  log.  of  1 — (1— r)  we 
write  —  (1  r)  —  ^~r-  ■— •  ^Az!_)3}  &c  the  expression  will 


L 
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evidently,  since  r  is  near  unity,  be  nearly  equal  to  i- 


i — r 

2 


(!—'•)  •  1  +  [~f a,  6,  c,  fte.  -nearly  r’-'-jf. 


(lib,  c,  &c. 


but  TU,c,&c.  =  r—  (l— r)  Y 


Q  y  by  Cy  tV  C .  ,  •  •  *  0 

- *  0 


a ,  ft,  c,  &c.  — 


r$ 


xT|a,  b,  Cf  &c.  nearly  ;  that  is  the  value  of  one  pound  to  be  re¬ 
ceived  at  the  discontinuance  of  the  joint  lives  of  the  ages 
a}  b,  c ,  &c.  is  equal  nearly  to  x  the  value  of  one  pound  to  be 

r2 

received  at  the  first  anniversary  from  the  present  time,  which 
shall  happen  after  the  discontinuance  of  the  same  lives.  Also 


a,  b,  c,  &c.  *  r1  or  which  is  the  same  thing,  the  value  of  one 


pound  to  be  received  a  half  year  after  the  discontinuance  of  the 

r 

joint  lives  is  nearly  =  ft,  c,&c,»  or  the  value  of  one  pound 

i  - 

to  be  received  at  the  first  anniversary  from  the  present  time, 
which  shall  happen  after  the  discontinuance  of  the  joint  lives; 

r  r  I 

and  Y  ft,  c,  &c.  •  r  is  nearly  =  Y  a,  ft,  c,  &c.  •  rz ;  that  is  the  value 


of  one  pound  to  be  received  one  year  after  the  discontinuance 
of  the  joint  lives  of  the  ages  a ,  b,  c,  &c.  is  nearly  equal  to  ri  x 
the  value  of  the  same  contingency  on  one  pound  to  be  re¬ 
ceived  at  the  first  anniversary  which  shall  happen  after  the 
discontinuance  of  the  joint  lives. 

Art.  3.  Again  with  respect  to  the  calculation  of  the  value 


of  the  expresion 


Jft 


7  9 

~  •  n 

m 


a,  ft — q 


a — q  1 

I  *  n 

a  m 


b>  a—q  from  the 
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^ a — p  P 

—7 -  .  n 


a,  b—p,  and 


value  of  the  expression  ^  --  .  «  a,  b—p 

b  m  - -  Ua  tn  ■ 

Art.  3.  Section  4.  I  observe  if  —  be  a  whole 

g,  b 


the  like  ;  see  3 

,  1 

Vw 

q 

",  and p  small,  from  Art.  1  of  this  Scholium,  that  « 

m 
r 


number, 


p—v 

27 


rn .  L 


.  ,  +  rmL  ,  f 

n:g,b  m:  g,  b  r 


r 

7 

.  n 
m 


g>  b 
r 


+  ” 

m 


r 

g,b-—\  therefore  — r— ^ 
g’  ?  Lb 


L  _  Y 

a,  b  —  q - y - -  .  71 

-  a  m 


b ’  a~q  —  “  b  ‘  (r”  * 


"f 


P 

•  .  a>  £ — ,q  -  r”  .  Ln  ■  a — &  -  T  .  b)  -f*  n 

1  771 


a,  b — y 


l 


P 

q  ~  n 

m 


La—  p 

a  q ,  Z>  •  —  •  — .  But  L*  .  Uy  b — q  L*  ;  a—q 


X  ( p  [f‘x.-\-h—p  ^  (kx-f-a  h 

-j  (L >K+a—p  — 'L*+a))  nearly  under  the  hypothesis  of  q  and  p 
being  small  intervals ;  and  this  by  an  evident  reduction  is  sim¬ 
ply  y  ( kx :  a,  1 — p  —  Lx ;  a—p) »  and  in  the  same  way  it  is 


shown  that  LK .  5  — ^  L* .  $y  a—q  —  p  (k* ;  a,  b—p  k* ;  b,  a—p) 


P 


nearly.  Moreover  n 

m 


fb- q_ 

a>  °  7  •  '  l 


P 

n 

771 


,  a~~q 

a—q,b  .  ^ 


a 


L  _  Jj  T  T 

w  A  :  a,  h — q  n:b,  a—q  ,  n-\-p  n-{-p:a,b — q  n-\-p\a — q,b 

*  L 


r”  . 


Ja}  b 


+  r 


=  from  above,  nearly  -k  « 

p 


Ja,  b 

n  ^7t:  a,  b — q  ^71 :  b,  a — p 

*  L  7 

a,  0 


-(-  &c. 


+ 
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rn+P  L”+  P  ■  h~P  Ln+P :  ?>>  a—p  , 

La,  b  ' 


r  L 


•  ? 


b-p  P 

—  •  n 


a,  b—p 


“ a—p  P 

L  *  w 
a  m 


b,  a — p 


it  b-<l  q 

.  Hence  we  get  — —  .  « 

b 


m 


t,  a-,  =  nearly  —  p-^ 


m 

L 

a-q 

L 

a 

_  L 

:  a,  b — p 

L 


+ 


P 

n 

m 


a,  b—p  — 


a — p 


a 


P 

n 

m 


a,  b 


b, : a—p  ,  when  —  is  a  whole 
_ 1  i 


number. 

Article  4.  It  is  proper  to  observe,  that  what  refers  to  the 
fluents  of  the  expressions  Lf+Jr  x  Lr+X,  Lp+X  x  Li+X  x  Lr+X, 
&c.  of  Section  3,  equally  apply  whether  L  in  the  different  ex¬ 
pressions  L?+a;,  &c.  is,  mutatis  mutandis ,  the  same,  or  a 

different  functional  characteristic,  whether  when  they  refer  to 
life  contingencies,  if  L  in  the  one  part  refers  to  one  given  con¬ 
stitution,  and  in  the  other  part  it  refers  to  another  constitu- 
tion  or  not;  for  instance,  if  in  the  expression  L x  Lr+so 
L?+x  refers  to  the  Northampton  lives,  and  Lr+X  to  the  Swe¬ 
dish  lives,  or  whether  they  both  refer  to  the  same  lives,  &c. 
Whether  they  refer  to  the  number  of  living  at  the  ages  q-\-x 
and  r-\-x,  or  whether  they  refer  with  respect  to  the  variable 
time  x  to  expressions  compounded  of  the  number  of  living 
and  dead.  But  instead  of  resuming  the  characteristic  L  here, 
I  shall,  with  a  view  to  better  distinction,  consider  the  value 


0 

V 

TT+P 


M*  N*.  And  I  observe,  similarly  to  what  is  done  in  Sec- 
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tion  3,  that  if  x  be  put  =  7 r  +  £,  and  that  if  when  t  be  not 
greater  than  />,  M be  equal  to  —  tM'„,  and  = 


— JN'*,  sufficiently  near,  that  we  shall  have  ® 

t  t 


M*  .Nx  = 


+  J  x  Nw4 .t—  n 


9T+2  0 

P 


M» —  M'„  t  x  (—  N'  0  =  -p N'.  M, 


+  £.  M'.N'.=  — />N'.  x  M.— 4  M'»  —  —  pN'w  .  M, 


+P 

2 


== — (N*.  — N*.+p)  M „+p.  And  therefore  if  M*  represent 

2 

the  chance  that  a  certain  circumstance  shall  exist  at  the  timex, 
and  N*  the  chance  that  some  other  certain  object  shall  exist  at 
the  time  x;  then  the  chance  that  the  second  circumstance  shall 
fail  during  the  existence  of  the  first  between  the  time  n — p 


and  m  is  sufficiently  nearly 


And  the  present  value  of  one  pound  to  be  received  at  the 
first  of  the  periods  n ,  n-\-p ,  &c.  from  the  present  time, 

which  shall  happen  after  such  failure,  provided  it  shall  take 
place  between  the  time  n — p  and  m,  will  be  according  to 


1C 


*+p 


m — p 


p 

n — p 

(' 

m — p 

ir 

p 

n — p 

m— 

P 

(r*+fxN,_  N„+? 


(^xN,wx 


And  this  mode  of  investigation  will  afford  different 

2 

modes  of  solution  to  all  the  Examples  of  Section  4.  For 
instance  :  if  this  be  applied  to  Example  8,  Art.  7,  Section  4,  by 
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taking  Nj.  =  ( 1  —  .  (x  —  -^-x)  and  M,  =  the 

a  '  b  J  c 

assurance  of  one  pound  on  the  contingency  of  that  example 


7 r 


will  become  P  A 

n — p 
m—p 


(r*+K(t  _ 


J  a-\-' tc 


a 


.  ( i — 


7 r 


P 

n — 

m — p 
L 


(r'+#.  (i - 


•  (i 


+  ft  -\-ps 


JC  +  7T  +  4/>  j _ 


.  ■  Tc  +  x  the  income  of  one  pound  payable  at  every  p  in¬ 


terval,  the  first  in  the  time  n — p,  and  the  last  in  the  time  m — p 
on  the  life  of  the  age  c-^j-p,  after  the  death  of  the  two  per- 

k c _ ip 

sons  of  the  ages  a  and  b,  —  — £-“■  x  the  income  of  one  pound 

c 

payable  at  every  p  interval,  the  first  in  the  time  n,  and  the  last 
in  the  time  m  on  the  life  of  the  age  c — -ip,  after  the  death  of  the 
ages  a  and  b.  “  Because  the  first  term  of  these  two  expres- 


7T 


“  sions  is  r*.  j  x  ‘ 

c. .  m-p 


t  ,  L^-f7T  ^  L6  +  7T  La  +  ir+lp 

V  •  1  L  L  •  L  ,  IA 

a  b  c+lp 


7T 


U 


P 

n—p 

m—p 


(rr+t>.  l 


^  +  ’r  1  kfr  +  TT  ^C  +  7r-f|/> 

1  '  1  lT"  *  I 

rt  b  c 


and  the 


l  _5 

“  second  term  of  the  expression  is  =  — -M-  x  P 

c 

m 


(rn  .  i- 


.  l 


Lb  +  7T  Lc  +  V—  \p\  p 


c-\p 


n — p 
m — p 


r  n+P 
(r  i 


'‘a  -j-  7T  -\-p 


.  1- 


a-\-7r 


b  +  *+p 


ip  L.  1-p  \  yy 

— y — —  J.”  Or  we  may  develope  the  expression  in  the  form 
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7p 


9T 


((>• 


vr-\-p  Tr'.a,  b,c-{-\p 

X  *  T 


P 

n—p 
m — p 

L  ,  ,  Ti  L  , .  L 

7T :  b,  c  4  \p 


^ir+p:  a,b,c — \p  :  a,  c+±p 


JB,c 


a,  b,  c  a,  b,  c  a,c 

%r+/>:a,g—  \p  LTr+p:B,c-±p\\  _  ^  .  hc+\p 


X 


a,  c 


b,  c 
r 


P 

n — p 


a,b,c,-\-\p  - —  n — p 


P 

n 

'm 


-p' - 

m—p  - — - - 

r 

T 

'w' 

r  P 

P 

- -  m 

a,  t>T“2p  n 

- -  m 

a,c  +  \p  —  n—p 
m—p 


\-\P 
B,c  +  \p  )  L 


B,  c — \p 


When  the  term  is 


*  ■ 

not  very  long,  especially  when  there  are  many  lives  concerned, 

t  C. 

it  will  be  often  preferable  to  calculate  with  the  usual  tables 


7T 


■h^TT  N*.  +  £ 


by  calculating  each  term  of  the  expression 

m — p 

.Mw+^,when  put  into  the  form  Nn_p — N„.  N„+^ 

2  2 
.  M„_| _p  +  &c.  And  I  think  when  many  lives  are  concerned, 
2 

this  will  generally  be  the  best  way,  if  even  the  term  should 
be  long ;  but  for  the  sake  of  preventing  great  error  in  such 
cases,  or  for  near  approximation,  the  following  hint  may  be 
serviceable.  Suppose  we  wished  to  calculate  the  value  of 


n 

I 

I 

*o 


Aw,  that  is  the  sum  of  the  first  So  terms  of  the  series  whose 


\  vr 

>"  ■ 

TT 

7T 

TT 

7rth  term  is  A  *  then  since  1 

1 

\  _ T 

p\n  —  i 

At r  -j-  8 

1  2 

1 

K+  \ 

80 

73 

74 

75 

l7T 


+ 


7T 

8~ 

4 

76 


TT 


A*. . . . .  &c.  g 

80 


Av,  that  is  the  sum  of  eight  terms  of  a 


So 


Mr.  Gompertz's  analysis  applicable  to  the 


new  series,  whereof  the  first  term  is  equal  to  the  ist  -f-  9*h  + 
1 7th  &c.  term  of  the  original  series  ;  the  second  term  equal 
to  2nd  +  10th  +  &c.  term  of  the  original  series,  &c.  it  will 

follow  if  our  original  series  be  a  gradually,  but  a  very  slowly 

A 

converging  series,  such  that  -^-differs  very  little  from  unity ; 

7T+  I 

since  each  term  of  the  new  series  will  be  nearly  equal  to  each 
other  ;  that  if  this  method  be  used,  we  shall  have  a  means  of 
detecting  any  great  error,  as  it  would  be  evinced  by  a  too  great 
difference  produced  in  different  terms.  And  if  an  approxi¬ 
mation  to  the  value  be  sufficient,  we  may  avoid  great  labour 


by  taking  8  x 


V 

T 

5 

77 


A*,  or  8  x  » 
78 


Aw  for  the  value  of  the  sum ; 


7 r 


and  if  r  does  not  differ  much  from  unity  j 

80 


Aff  rw  will  be  nearly 


7T 


=  8  . 


1  —r9  8 
I—  r  X  5 

77 


r *  4  A*,  or  to  8  . 


7 r 

1 — r9  IT 

I  —r  *  6 

78 


-'-5  A 


7T* 


Art.  5.  It  may  also  be  serviceable  to  observe,  that  if  M*., 

y  * 

M; ,  M",  do  not  contain  x  or  y,  that  ( M" .  Tj  M  M  )  by 

*•’  9T7  '  n  \  K  y  n  x  x] 


putting  0 
y 


x  _y 

M'  M  =  N  will  become 

xx  y 


H  M" 


N  =  M"  Nr- 

y  z  z 


M  N  =  M"  N  —  M",  W,  —  0 

y  y  z  z  n  rt  n> 


M"  M-  M  = 

y  y  y 


M>  0 

z  n 


M'  M  —  M",  x  0 
y  y  «  « 


y  Z 

M'  M  -  0 
y  y  n 


M"M'  M  ;  because 
y  y  y 
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X 


when  M  ,  M'  do  not  contain  either  x  or  y, 0 

w  it  J  *  n 


M'  M  =  0 

x  x  n 


M'  My 

y  y 


and  therefore  Nv  =  M'  M  .  This  form  is  put  down  for  the 

J  j  j 


purpose  of  reducing  double  fluents  at  once,  such  as  occur  in 
Section  4.  In  a  similar  manner  may  the  immediate  reduction 
of  analogous  triple  fluents  be  shown;  and  I  may  remark,  that 
in  the  double  fluents  of  Section  4,  the  case  of  the  question 
may  not  always  require  them  both  to  commence  with  the 


same  value  of  x. 


r 

The  application  of  the  symbol  0 

m 


to  all 


cases  of  definite  and  indefinite  fluents,  and  of  simple,  double 
&c.  fluents,  might  be  entered  on  perhaps  with  advantage  to 
other  branches  of  the  mathematics;  but  this  is  not  my  pre¬ 
sent  object. 

Art.  6.  If  in  the  room  of  M  of  Art.  4,  of  this  Scholium,  we 
put  r"  M  ,  M  still  being  put  to  represent  the  chance  that  the 


said  certain  circumstance  shall  exist  in  the  time  x,  we  shall 
have  the  present  value  of  one  pound  to  be  received  immedi¬ 
ately  on  the  failure  of  the  second  circumstance,  provided  it 
takes  place  during  the  existence  of  the  first  circumstance,  and 
between  the  times  n — p  and  m,  merely  by  making  that  sub¬ 


stitution  in  the  expression 


m — p 


(N„ 


N  ,  .  x 

Tt+p 


hy 


7T 


which  means  it  will  become  p 

,  n — p 
m — p 


(N  “ 


n;+,  X  M^) 


or  its  equal  .  Q ;  Q  being  put  for  the  value  of  the  con¬ 
tingency  as  in  Article  4  of  this  Scholium;  namely,  when  the 
payment  is  to  be  made  at  the  first  of  the  equal  periods  n ,  n-]rp) 


M 
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Mr.  Gompertz's  analysis  applicable  to  the 


&c.  from  the  present  time  after  the  failure,  provided  it  takes 


•jr 


place  between  the  intervals  n  —p  and  m.  And  P 

m — p 


[K~ 


N 


n+p 


.  r+Tljp  .  or  its  equal  r  *  .  Q-— - Nn  .  rn  Mn_±p 

is  the  value  if  it  is  to  be  paid  immediately  after  the  failure, 
provided  it  takes  place  between  the  intervals  n  and  m.  It  is 
necessary  to  add,  that  the  method  pointed  out  in  Art.  4  of  this 
Scholium,  for  solving  the  problems  of  Section  4,  will  gene¬ 
rally  produce  results  which  do  not  agree  to  absolute  mathe¬ 
matical  equality,  with  the  results  of  that  Section,  except  the 
interval  p  be  infinitely  small ;  but  they  will  agree  with  each 
other  as  far  as  the  first  power  of  p  is  concerned  ;  which  when 
p  is  taken,  the  smallest  interval  of  the  tables  will  be  as  near 
the  truth  as  any  method  should  be  considered  to  reach,  as 
long  as  the  real  function  of  life  is  not  known  ;  except  indeed 
there  be  sufficient  regularity  in  the  tables  to  induce  the  belief 
that  we  may  approach  nearer  by  interpolation,  as  hinted  in 
Art.  4,  Section  3 ;  but  if  the  interval  p  be  not  greater  than 
one  year,  this  will  give,  I  think,  sufficient  accuracy  for  any 
useful  purpose,  except  perhaps  in  very  rare  cases,  and  in 
which  our  tables  (from  more  minute  observation),  should,  I 
imagine,  be  divided  into  less  periods  than  yearly  interval,  and 
then  the  same  method  would  still  apply  by  taking  p  smaller. 
The  same  observation  will  apply  if  a  comparison  is  made  with 
what  is  done  in  the  present  Article  6  of  this  Scholium,  with  the 
other  articles  of  the  Scholium  ;  for  instance,  with  Article  3. 

As  an  annuity  secured  by  land,  only  differs  from  common 
annuities,  in  as  much  as  in  case  of  death  of  the  lives  on  which 
the  annuity  is  determined,  during  the  portion  of  a  year, 
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that  that  portion  of  the  annuity  is  payable  to  the  assignees 


of  those  persons;  its  value  will  be  equal  to  ln 


m 


ir 

I 

n — 1 
m—  1 


— L 


rr+‘.  t .  x  .  -  b  if  L 

La.l,  c,  &c. 


a,  b,  c,  See.  -|- 
ir+t:  a,  lt  c.  Sec. 


considered  sufficiently  approximated  by  the  expression 

f  C’  &C'  _  and  as  a  sufficjent 

a,B,c,  &c.  a,B,  c,  &c. 

approximation  for  rrr+t  we  write  rr+I,  the  expression  will  be* 


r 

1 

come  n 

m 


7T 


M 

Clf  By  Cy  &C.  |  11—  I 


I 

m — 1 


if+i  L  ,  — L  .  _  »  n 

r  vr  •,  a,  b,  c,  ir+ 1  :  a,  b,  c.  &c.  . 

.  __ 

a,  b,  c 


r 

T 

n 

m 


at  b,  Cy  &c.  i  _L  •  n 

- '  2  m 


a,  b,  c,  &c.  and  will  agree  with  Mr.  Baily's 


observations  on  page  344  of  his  Doctrine  of  Life  Annuities,  as 
far  as  it  goes.  Note,  we  might  with  a  similar  proximity  have 
omitted  the  t  in  the  exponent  of  r ;  and  as  a  nearer  approxi- 

mation  have  written  for  r ***  (not  deeming  it  necessary 


to  go  nearer),  and  the  expression  will  be 


a,  b,  c,  &c.  -f*  if '  x 


r 

-W 

1 

n 

m 


a,  b,  c,  &c. . 


I  might  make  some  farther  observations  on  the 


comparison  of  the  different  methods  pointed  out,  with  respect 
to  their  proximity,  but  I  fear  that  the  length  of  this  Paper  has 
already  caused  me  to  occupy  too  large  a  portion  of  the  pre¬ 
sent  volume. 


London :  Printed  by  W.  Bulmer  and  W.  Nicol, 
Cleveland-Row,  St.  James’s. 
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